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Abstract 

We consider non-degenerate centro-affine hypersurface immersions in R n whose cubic form is 
(3JQf parallel with respect to the Levi-Civita connection of the affine metric. There exists a bijective 

correspondence between homothetic families of proper affine hyperspheres with center in the origin 
■ and with parallel cubic form, and Kochers conic cj-domains, which are the maximal connected sets 

consisting of invertible elements in a real semi-simple Jordan algebra. Every level surface of the 
uj function in an oj-domain is an affine complete, Euclidean complete proper affine hypersphere 
with parallel cubic form and with center in the origin. On the other hand, every proper affine 
hypersphere with parallel cubic form and with center in the origin can be represented as such a 
level surface. We provide a complete classification of proper affine hyperspheres with parallel cubic 

Qform based on the classification of semi-simple real Jordan algebras. Centro-affine hypersurface 
immersions with parallel cubic form are related to the wider class of real unital Jordan algebras. 
Every such immersion can be extended to an affine complete one, whose conic hull is the connected 
component of the unit element in the set of invertible elements in a real unital Jordan algebra. 
Our approach can be used to study also other classes of hypersurfaces with parallel cubic form. 
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1 Introduction 

i— i ■ 

The cubic form C of an affine hypersurface immersion is the covariant derivative of the affine metric 
h with respect to the affine connection V. Affine hypersurface immersions with parallel cubic form 
have been studied in various settings for more than 20 years, and their classification is an important 
£NJ . problem in affine differential geometry. 

One can consider immersions whose cubic form is parallel with respect to the affine connection, 
VC = 0. Non-degenerate Blaschke immersions satisfying this condition are either quadrics or graph 
immersions whose graph function is a cubic polynomial |31] . Actually, in the latter case the immersion 
must be an improper affine hypersphere [I] , and the determinant of the Hessian of the graph function 
identically equals ±1 [2S S p. 47]. Non-degenerate Blaschke hypersurface immersions with VC = into 
M fe , k — 3,4,5,6, have been classified in [35] , [3T] , [7] , [5J , respectively. In [5] an algorithm was presented 
to classify all such immersions for a given arbitrary dimension. 

Another class of hypersurface immersions is obtained when the condition VK = is imposed, where 
K = V — V is the difference tensor between the affine connection and the Levi-Civita connection of the 
affine metric. Non-degenerate Blaschke immersions with this property have been studied in [5]. There 
it was established that, as for VC = 0, they are either quadrics or improper affine hyperspheres. In the 
latter case the graph function is given by a polynomial, the affine metric is flat, the difference tensor is 
nilpotent, i.e., K% = for some m > 1 and all vector fields X, and [Kx, Ky] = for all vector fields 
X,Y. 

Parallelism of the cubic form can also be defined with respect to the connection V. Since the 
affine metric is parallel with respect to V, the conditions VC = and VK = are equivalent. Much 
work concentrated on the case of Blaschke immersions. A Blaschke immersion satisfying VC = 
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must be an affine hypersphere pQ. In [26] all Blaschke immersions into R 3 satisfying VC = have 
been classified. In [3] , [10] , pj] all such Blaschke immersions into K. with definite, Lorentzian, and 
general affine metric, respectively, have been classified. In [5] all such Blaschke immersions into R 5 
with definite affine metric have been classified, and it has been shown that in arbitrary dimension, 
definiteness of the affine metric implies that the immersion is either a quadric or a locally homogeneous 
affine hypersphere. In [13] all such immersions into Mr, k < 8, with definite affine metric have been 
classified. In [I], [14] it has been observed that the Calabi product of affine hyperspheres with parallel 
cubic form or of such a hypersphere with a point are again affine hyperspheres with parallel cubic 
form, and hence one can speak of decomposable or irreducible such immersions. In a classification, 
one then only needs to consider the irreducible immersions. Finally, in [15], [12] a classification of all 
irreducible Blaschke hypersurface immersions with parallel cubic form whose affine metric is definite 
or Lorentzian, respectively, has been achieved. 

A closer look at the classification in [TS] reveals that the locally strongly convex hyperbolic affine 
hyperspheres with parallel cubic form are exactly those hyperspheres which are asymptotic to sym- 
metric cones. Now the interiors of the symmetric cones are exactly the convex ^-domains of Kbcher 
[20] . and it is not hard to verify that the hyperspheres in question are exactly the level surfaces of 
the w-function in these w-domains (we will give a brief account on w-domains in Subsection 13. 1|) . One 
of the main results of this contribution is that this relation holds in general, i.e., independently of 
the convexity assumption. Namely, every non-degenerate proper affine hypersphere with center in the 
origin satisfying VC = can be represented as a level surface of the w-function in some w-domain 
(Theorem 14. 14|) . and conversely, every such level surface is a non-degenerate proper affine hypersphere 
with center in the origin satisfying VC = (Theorem 14. 11 [) . Since the w-function is homogeneous [20], 
p. 35], it is clear that every ray of the w-domain intersects the affine hypersphere exactly once. We may 
then define a projection tt from the w-domain onto the hypersphere, taking every ray to its intersection 
point with the hypersphere. 

The w-domains of Kocher are closely linked to real semi-simple Jordan algebras J. Namely, every 
w-domain can be represented as a connected component of the set of invertible elements in </, and 
every such connected component is an w-domain. The classification of proper affine hyperspheres with 
parallel cubic form then reduces to the classification of real semi-simple Jordan algebras. Much like in 
the case of semi-simple Lie algebras, any semi-simple Jordan algebra breaks down into a direct sum of a 
finite number of simple algebras, each of which is in turn a member of one of finitely many infinite series, 
or one of finitely many exceptional algebras. We show that the Calabi product of affine hyperspheres 
with parallel cubic form corresponds to the decomposition of semi-simple Jordan algebras into simple 
factors (Lemma l5.4|l . This allows to characterize the proper affine hyperspheres with parallel cubic form 
as Calabi products of irreducible such hyperspheres. The irreducible proper affine hyperspheres with 
parallel cubic can in turn be classified using the classification of simple real Jordan algebras (Theorem 
I5T21) . 

However, the main subject of this contribution are centro-affine hypersurface immersions satisfying 
VC = 0. In [24] the centro-affine hypersurface immersions into M 3 satisfying VC = have been 
classified, where C is the traceless part of the cubic form. Since VC = implies VC = 0, this 
classification includes also the immersions satisfying VC = 0. In 22] Theorem 1.3] the centro-affine 
hypersurface immersions satisfying VC = with flat definite affine metric have been classified. It turns 
out that these are, up to centro-affine equivalence, the surfaces given by 

n 

IJa£*=l, "fe>0. (1) 

fe=i 

If one relaxes the flatness condition to positive or negative semi-definiteness of the Ricci tensor, then 
the immersion may also be a proper affine hypersphere [21] Prop. 7.2]. Note that a proper affine 
hypersphere with center in the origin and with parallel cubic form has also parallel cubic form as 
a centro-affine immersion. Thus the classifications in [15], [IS] yield also examples of centro-affine 
immersions with parallel cubic form. It has been observed in [2TJ p. 342] that the family {1} of centro- 
affine hypcrsurfaces with parallel cubic form contains exactly one affine hypersphere. Moreover, it 
is not hard to see that all hypersurfaces in this family are asymptotic to the boundary of the same 
w-domain, namely the interior of the positive orthant, and that these hypersurfaces are coverings of 
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the hypersphere under the projection ir of the cj-domain onto the hypersphere. 

We show that many of these properties hold for centro-affine hypersurface immersions with parallel 
cubic form in general. The role of the cj-domains is played by the connected components Y of the set of 
invertible elements in real unital Jordan algebras. This class of algebras is wider than that of the real 
semi-simple Jordan algebras. However, an analog tp of the w-function can still be defined on Y. Every 
centro-affine hypersurface immersion satisfying VC = is a homogeneous symmetric space, contained 
in some connected component Y , and is a covering of the level surfaces of (p under an analog of the 
projection tt, with the different sheets of the covering being homothetic images of each other (Theorem 
I4.13|) . On the other hand, every unital real Jordan algebra satisfying an extra condition, namely the 
existence of a non-degenerate trace form 7 [30l p. 24], defines centro-affine hypersurfaces with parallel 
cubic form (Theorem 14. 9|) . The classification of centro-affine hypersurface immersions with parallel 
cubic form is hence reduced to the classification of real unital Jordan algebras with non-degenerate 
trace form. The decomposition of a unital Jordan algebra into a direct product of lower-dimensional 
algebras does not in general generate a decomposition of the corresponding centro-affine immersions 
into lower-dimensional ones. The generalization of the Calabi product proposed in [211 Example 3.4] 
turns out to be not sufficient to capture all cases of centro-affine immersions with decomposable Jordan 
algebra. 

The remainder of the paper is structured as follows. In the next section we introduce a conve- 
nient way to work with centro-affine hypersurface immersions, namely by describing them as integral 
manifolds of an involutive distribution. In Section [3] we provide the necessary background on Jordan 
algebras. Section |4] contains the main technical results of the paper, namely how exactly unital Jordan 
algebras are related to centro-affine hypersurface immersions with parallel cubic form. In Section [5] we 
achieve the classification of those centro-affine hypersurface immersions with parallel cubic form which 
correspond to semi-simple Jordan algebras. This includes a complete classification of proper affine 
hyperspheres with parallel cubic form. In Sections 12 14151 whenever we speak about parallel cubic form, 
we will mean the condition VC = for a centro-affine hypersurface immersion. In Section [6] we apply 
our methods to other classes of hypersurface immersions with parallel cubic form, in particular, those 
mentioned at the beginning of this introduction. 



2 A description of centro-affine immersions 

In this section we introduce a description of smooth non-degenerate centro-affine hypersurface immer- 
sions f : M —> R™ by logarithmically homogeneous functions and reformulate the condition VC = 
in terms of these functions. Under more restrictive conditions, we will also use a description of centro- 
affine immersions by integral manifolds of an involutive distribution. The distribution will in turn be 
described as the kernel of a closed 1-form, with the logarithmically homogeneous functions being its 
local potentials. This will allow us to establish a link with Jordan algebras in Section 2J 

Let / : M — > l n be a smooth centro-affine hypersurface immersion. Consider the direct product 
T> = M x R++ of M with the open half-line of positive real numbers. Let us define an immersion 
/ : V -> R" by 

/:(£,A)^A/(£). (2) 

Since / is a centro-affine immersion, the immersion / will be a local diffcomorphism. By means of the 
differential /* we can then identify the tangent space T y V with the target space R™ for every y S V. 
In particular, we can define on T> the position vector field e (the reason for this notation will become 
apparent in Section HJ), such that e at the point (£, A) e V is given by (/*) -1 (A/(£)). Moreover, V 
inherits from R™ its flat affine connection D. 

We shall now define a function F : V — > R. For (£, A) 6 T> we set 

F£,\) = \og\. (3) 

Thus F is logarithmically homogeneous of degree v = 1, i.e., it satisfies the relation 

F(£,a\) =vloga + F(t,\) (4) 

with v = 1. 
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We shall adopt the Einstein summation convention over repeating indices. We will denote the 
derivatives of F with respect to the flat affine connection D by indices after a comma. Thus in an 
affine coordinate chart y a on V we have = F , gya,g y p = F.a/3 etc. 

We adopt the convention that the transversal vector held on the centro-affine immersion equals 
minus the position vector. Thus locally strongly convex immersions of hyperbolic type will have a 
negative definite affine metric h, while those of elliptic type will have a positive definite affine metric. 

Lemma 2.1. Let f : M —> R™ be a smooth centro-affine hypersurface immersion, let the function 
F : T> — M x K++ — > K be defined by ([3|) 7 and denote by e the position vector field on T>. Then we 
have 

F Q e Q = l, F a peP = -F <a , F^e^ = -2F a p, F tCt ^ s e 5 = -3F q4 , 7 , i^eV = -1. 



Proof. The first relation is obtained by differentiating Q with respect to a at a — 1. The next three 
relations are obtained by differentiating repeatedly the first relation. The fifth relation follows from 
the first two. □ 

Note that 

F a u a = (5) 

for every vector u £ T y V which is tangent to the fiber M x {A} at y = (£, A). 

The following result, which is a generalization of [251 Theorem 1, p. 428], then links the centro-affine 
pseudo-metric h on M with the Hessian metric F" on V. 

Theorem 2.2. Let f : M — > M™ be a smooth centro-affine hypersurface immersion and let the function 
F :V = M x R++ — ^ K be defined by Then the Hessian F" — D^F on T) is the orthogonal sum 
of the centro-affine form h on M and the form —\~ 2 d\ 2 on 

In particular, if the immersion f is non-degenerate, then the Hessian F" is non-degenerate, and 
V, seen as a pseudo-Riemannian manifold equipped with the Hessian pseudo-metric F" , equals the 
direct product (M, h) x (K++, — A~ 2 c?A 2 ) of pseudo-Riemannian manifolds, where h is the centro-affine 
pseudo-metric on M . 

Proof. Let a(t) be a geodesic of the affine connection V on M. Consider the curve j(t) = (a(t), 1) on V. 
Then the second derivative 7 is proportional to the transversal vector field — e, and the proportionality 
factor by definition equals the value of the affine fundamental form h on the vector 7. In an affine 
coordinate chart on V we have F = F a 7 a , 

F = F, a0 j a ^ + f a")* = F, a pi a ¥ ~ = F, a pi a i P + F a pePh{i, j)e a = F^ a ^ - h(j, 7), 

where the second and fourth equality comes from the second and fifth relation in Lemma 12. 1[ respec- 
tively. Since F = on the curve 7, we obtain h(j, 7) = F ta ^j a j^ . Hence the restriction of the 
symmetric bilinear form F" on the submanifold M x {1} C T> equals the affine fundamental form h on 
M. 

By ((4]) the tensor field F" is invariant with respect to homotheties of V, i.e., mappings of the form 
(£, A) I—)- (£, aX) for fixed a > 0. Hence the restriction of F" to any level surface of F equals h. 

From the fifth relation in Lemma 12.11 it follows that for every £ S M, the ray {£} x K++ C T>, 
equipped with the restriction of the symmetric bilinear form F" , is a Riemannian space with (negative 
definite) metric — \~ 2 d\ 2 . Finally, by ([5]) and the second relation in Lemma [2. 1 1 the position vector 
field e is orthogonal to the level surfaces of F with respect to F" . This completes the proof. □ 

We consider only non-degenerate immersions / and can hence use the pseudo-metric F^ a p to raise 
and lower indices of tensors on V. Denote the elements of the inverse of the Hessian F" by F' a P . 
Raising the index a in the second relation of Lemma 12. 1\ and contracting with and using the first 
relation of Lemma 12.11 yields 

F^F =-e a , F^F, a F, p = -l, (6) 
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respectively. 

Let II : V — > M be the projection onto M. For W a covariant tensor field of order k on M, the 
pullback II* W is a covariant tensor field of the same order k on V. The pullbacks II* W will allow us 
to work with tensors defined on the source manifold M of the centro-affine immersion while using the 
very convenient affine coordinate system of the target space W 1 . The next result shows how different 
centro-affine invariants can be represented by expressions depending on the derivatives of F . 

Lemma 2.3. Let f ; M —> M™ be a smooth non- degenerate centro-affine hypersurface immersion and 
let the function F : T> = M x R++ —> K be defined by ([3]). Consider the pullback of covariant tensors 
on M to T> by the projection II : T> — y M. We have that 

• the centro-affine pseudo-metric h maps to H*h a p — F t0t p + F^F^p. 

• the cubic form C maps to H*C a p 1 = F ia p^ + 2F^ a pF n + 2F >on F > p + 2F t p 1 F >a + 4F, a F,pF n . 

• the Tchebycheff form T = tr^C maps to H*T a — F a p^F'^ + 2nF :Ct . 

• the covariant derivative VC of the cubic form with respect to the Levi-Civita connection of h 
maps to WVsCa^ = F i0t p lS - ^'^{F^ppF^Sa + F !anp F^s a + F^ a s p Fp 7a ). 

Proof. First note that the expressions on the right-hand sides in Lemma l2.3l are fully symmetric. With 
the relations in Lemma 12. f I and ([B]) it is easily verified that the contractions of these expressions with 
the position vector e evaluate to zero. Therefore the values of these tensors on tangent vectors u, v, . . . 
depend only on the projections II* (u), IL*(v), . . . of these tangent vectors. 
Let u, v, w be vector fields on V which are tangent to the fibers M x {A}. 

We have h (II* u, II, v) = F"(u.v) = F"(u,v) +F'(u)F'(v) by Theorem [2721 and which proves 
the first item. 

The cubic form C on M is the derivative of the centro-affine pseudo-metric h with respect to the 
centro-affine connection V. By definition of V we have Vn,u(n*u) = D u v + H* h(u,v)e. Hence we 
have 

C(ILu, H*v, n*™) = (D w F")(u, v) - F"(v, e)n*%, w) - F"{u, e)n*h(v, w) = F"'{u, v, w). 

Here the second relation comes from the fact that e is orthogonal to u, v in the Hessian pseudo-metric 
F". The second item now follows from ([5]). 

By Theorem 12.21 the pullback of the Tchebycheff form T is the trace of the pullback H*C of the 
cubic form with respect to the Hessian pseudo-metric F", H*T — trp>>IX*C. Inserting the expression 
of n*C given by the second item of Lemma [2~3l and using the second relation in ([6]), we prove the third 
item. 

The Christoffel symbols of the Levi-Civita connection D of the Hessian pseudo-metric F" on T> are 
given by 

Kp = \F' lS F <ol ps. (7) 
The covariant derivative of F' then equals 

D a Fp = F a p - ^F 7 F^ 5 F a p 5 = F a p + ^e s F a0S = 0, 

where the second equality follows from the first relation in (j6]), and the third equality from the third 
relation in Lemma 12. II Hence F' is parallel with respect to D. From the second item in Lemma 12.31 it 
then follows that the covariant derivative of H*C with respect to D equals the covariant derivative of 
F'". The latter is given by 

DsF.afiy = F.afjyS — -F P<T (F taj 3 p F na s + F^jpF^crS + Fjj lp F^ aa $). (8) 

The last item now follows from the product structure of the pseudo-Riemannian manifold T> established 
in Theorem El □ 



■5 



Corollary 2.4. Let f : M — ^ M" be a smooth non- degenerate centro-affine hypersurface immersion 
and let the function F :T> = M x IR.++ — > R &e defined by (J3j - TTien i/ie immersion f 

• is a quadric if and only if F, a p-y + 2F ta pF~ + 2F M1 F^ + 2F t p 1 F tCl + AF ta F^F~ t — 0, 

• is an affine hypersphere with center in the origin if and only if F^jF'^ + 2nF :Ct = 0, 

• has parallel cubic form with respect to the Levi-Civita connection of the centro-affine metric if 
and only if 

F, a p~{& — 2"^''^ (.F.OLfipF ^Sa -\- F_ a jpFjjSa ~t~ F a SpFj3y a *) . (9) 

Proof. A covariant tensor W on M is zero if and only if its pullback WW on V is zero. Now / is a 
quadric if and only if the cubic form C vanishes, it is an affine hypersphere if and only if the Tchebycheff 
form tr^C vanishes, and it has parallel cubic form if and only if VC vanishes. The corollary is then a 
direct consequence of Lemma 12.31 □ 

The last two items of the corollary characterize affine hyperspheres and immersions with paral- 
lel cubic form conveniently by PDEs on the function F. The nonlinear PDE characterizing affine 
hyperspheres can actually be integrated, yielding the second order PDE det F" = const ■ e~ 2nF of 
Monge-Ampere type. This PDE is the non-convex analog of [3J eq.(4.1), p. 359], which characterizes 
complete hyperbolic affine hyperspheres. 

Let us introduce the difference tensor K = D — D the between the flat affine connection and the 
Levi-Civita connection of F" on V. By we have 



Kp = Af^f^. (io) 



Lemma 2.5. Let f : M — > K™ be a smooth non-degenerate centro-affine hypersurface immersion. 
Then f has parallel cubic form if and only if the difference tensor K is parallel with respect to D. 

Proof. By © the derivative F'" — D 3 F is parallel with respect to D if and only if © holds. Since 
the pseudo-metric F" is parallel, we obtain that K is parallel if and only if ([9]) holds. Application of 
Corollary [2]4] completes the proof. □ 



The situation is conceptually somewhat simpler if the centro-affine hypersurface is given implicitly 
as an integral manifold of a distribution rather than parametrically by a map / : M — > R ra . 

Lemma 2.6. Let Y C K™ be an open subset, let £ be a closed form on Y such that C( x ) = 1? where x 
is the position vector field on Y , and assume that DC, is non-degenerate. Denote by <]/ the symmetric 
contravariant second order tensor which is the inverse of DQ. Let A be the involutive distribution on 
Y given by the kernel of Q, and let M GY be an integral hypersurface of A. 
Then £ satisfies the relation 

(DQapX 13 = -Ca, (11) 

the Christoffel symbols of the Hessian pseudo-metric DC, are given 

b V T lp = \^ lS {D 2 C) aps , and the 

difference tensor K = D — D between the flat affine connection D on W 1 and the Levi-Civita connection 
D of the pseudo-metric DC, is given by 

Kl P = -\^ 5 {D 2 Q aps . (12) 

Moreover, M is a non- degenerate centro-affine hypersurface with centro-affine metric given by the 
restriction of DC, to M , and M 

• is a quadric if (D 2 C) a p~, + 2(DC) a pC 7 + 2{DQ al Cp + 2{DC)^C a + ^CKt = °; 

• is an affine hypersphere with center in the origin if (D 2 ^^,^" 7 + 2nC, a = 0, 
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• has parallel cubic form if 

P 3 CW = ^ pa ((D 2 () aPp (D 2 (), (Sa + (D 2 () a7P (D 2 () s* + (D 2 C) aSp (D 2 ()^ a ). 

Proof. First note that by £(x) — 1 the distribution A is transversal to the position vector field and 
hence M is centro-affinc. 

Equip M with the topology of an immersed manifold. Let y G M be a point and V C M a small 
enough neighbourhood of y in M with the following properties. Each ray in M™ intersects V at most 
once, there exists e > such that U = U|A-i|<e ^ * s contained in Y, and there exists a local potential 
$ : U -> K of C such that $| v = 0. 

Consider M as a centro-affine hypersurface immersion and let f,F be the maps defined in @,([n]), 
respectively. Define the set U' = V X (1 — e, 1 + e) C T>. Then /[?/'] = U, and the restriction is 
injective. 

We have £ = and = 1. Integrating the latter relation along the rays of M™, we obtain 

the logarithmic homogeneity condition $(az) = logo; + $>(z), whenever z,az £ U, a > 0. Hence the 
pullback of <f> from U to U' by means of the restriction f\w coincides with the function F, and the 
fc-th derivative of F on U' is the pullback of the (k — l)-th derivative D k ~ 1 ( on U. 

The claims of the lemma now follow from the second relation in Lemma [2.11 from equations ([7]) 
and ([TO]), and from Theorem |2~21 and Corollary 1^51 □ 

The advantage of this description is that we can work directly on R n with the 1-form £ instead on 
T> with the function F. For local considerations both approaches are equivalent. The class of centro- 
affinc immersions admitting a global description as in Lemma 12.61 is limited, however, for instance 
self-intersections are not allowed. We will see later that centro-affine immersions with parallel cubic 
form always allow a global description as an integral manifold of some involutive distribution. 

3 Jordan algebras 

In this section we provide the necessary background on Jordan algebras. Most of the material in this 
section is taken from [20]. Other references on Jordan algebras are [17] or |27j . 

Definition 3.1. A Jordan algebra J over a field K is a vector space over K endowed with a bilinear 
operation • : J x J — >• J satisfying the following conditions: 

i) commutativity: x • y = y • x for all x, y £ J, 

ii) Jordan identity: x • (x 2 • y) = x 2 • (x • y) for all x,y S J, where x 2 = x • x. 
Throughout the paper we assume that K is R or C and that J is finite-dimensional. 

Let us denote the operator of multiplication with the element x by L x , L x y = x • y = L y x. On J 
we can define a linear form t by 

t(x) = trL x (13) 
and a symmetric bilinear form g by [20, p. 59] 

g{x,y) = t(x »y) = tr L x . y . (14) 

The form g satisfies the relation [50] Lemma III.4, p. 59] 

g(u • v, w) = g(u, v • w) (15) 

for all u, v, w G J. Equivalently, the operator L v is self-adjoint with respect to g for all v G J. 

Definition 3.2. [20, p. 56] The center Z(J) of a Jordan algebra J is the set of all elements z 6 J such 
that L Z L X = L X L Z for all x G J. 

Definition 3.3. [20, p. 60] A Jordan algebra J is called semi-simple if the bilinear form g defined in 
([T4"]) is non-degenerate. 
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Definition 3.4. 20, p. 64] A Jordan algebra J is called direct sum of the subalgebras Ji,...,J r , 
J = ®k=iJk, if J is the sum of J\, . . . , J r as a vector space and x • y = for all x £ y £ J; with 
fc / /. 

A Jordan algebra J is called simple if it is semi-simple and cannot be represented as a nontrivial 
direct sum of subalgebras. 

Clearly the summands in a direct sum decomposition are ideals, i.e., x»y £ Jk for all x £ Jk, y £ J. 

Theorem 3.5. \20\ Theorem 11, p. 65] Let J be a semi-simple Jordan algebra. Then there exist simple 
subalgebras J\, . . . , J r C J such that J — ©£ =1 Jfc. Any two decompositions of J into a direct sum of 
simple subalgebras are equal up to permutation of the summands. 

Definition 3.6. [17, p. 206] A simple Jordan algebra J is called central simple if the dimension of its 
center equals 1. 

Lemma 3.7. \17\ p. 206] Let J be a simple Jordan algebra. Then its center Z(J) is a field, and J is a 
central- simple Jordan algebra if considered as an algebra over Z(J). In particular, if J is a real simple 
Jordan algebra, then it is either central- simple, or it is isomorphic to a central- simple Jordan algebra 
over C. 

Definition 3.8. [18] A Jordan algebra J is called formally real or Euclidean if for all xi, . . . , x r £ J 
the relation Y^k=i x \ ~ implies x^ = 0, k = 1, . . . , r. 

Theorem 3.9. \2(A Theorem VI. 12, p. 118] Let J be a real Jordan algebra. Then the following are 
equivalent: 

i) J is formally real, 

ii) the bilinear form g defined by (fT4f is positive definite, 

Hi) there exists a positive definite symmetric bilinear form a such that a(u •v,w) = a(u, v • w) for 
all u,v,w £ J. 

Introduce the operator P x — 2L 2 X — L x i, which is quadratic in the parameter x. This operator 
satisfies the fundamental formula (201 Theorem IV. 1, p. 73] 

P P *y = P X PyP X (16) 

for all x,y £ J . 

An element e £ J is called unit element if x • e = x for all x £ J. A Jordan algebra possessing a 
unit element is called unital. In a unital Jordan algebra J, y — x" 1 is called the inverse of x if x»y = e 
and L x ,L y commute [501 P-67]. If it exists, the inverse is unique [501 Lemma III. 5, p. 66] and satisfies 
(x -1 ) -1 — x [20, p. 67]. In this case we shall call x invertible. We have the following characterization 
of the invertible elements of J. 

Theorem 3.10. [20, Theorem III. 12, p. 67] Let J be a unital Jordan algebra. An element x £ J is 
invertible if and only if dot P x ^ 0. In this case the inverse is given by x~ l = P~ 1 x, and 

P x -i = P x , L x -i — L X P X — P x L x . 

The derivative of the inverse is given by [101 eq.(l), p. 73] 

D u xT l = -P x Y u. (17) 
Here D u denotes the derivative with respect to x in the direction of u. We have [20l Lemma IV. 1, p. 79] 

D tt (logdetP s ) = 2g(x-\u) (18) 

for all u £ J and all invertible x £ J. 

Theorem 3.11. \20\ Theorem III. 9, p. 63] Every semi-simple Jordan algebra possesses a unit element. 
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Theorem 3.12. [20, Theorem III. 10, p. 64; pp.71— 72] Let J be a unital Jordan algebra, and suppose 
that there exists a non-degenerate symmetric bilinear form j(u,v) on J such that 

j(u • v,w) = 7(u, v • w) (19) 

for all u,v,w G J. Then the following are equivalent: 

i) cr{u, v) is a symmetric bilinear form on J satisfying o~(u • v, w) — cr(u, v • w) for all u,v,w G J, 

ii) there exists a central element z G Z( J) such that a(x, y) = j(z • x, y). 

In matrix form the relation in item ii) can be written as a — jL z , or L z — 7~ 1 o\ Note that in a 
unital algebra we have L x ^ for nonzero x G J. Hence the map x h-» L x is injective and the element 
z in item ii) is uniquely determined. For central elements we have P z = L 2 Z and z is invertible if and 
only if L z is. It follows that a is non-degenerate if and only if z is invertible [2pJ item (v), pp. 71-720. 

Remark 3.13. A symmetric bilinear form 7 satisfying (IT9"|) is called a trace form [30, p. 24]. 

Let J be a unital Jordan algebra. For u G J, define a new multiplication » u : J x J — > J by [201 
p.76] 

£ •u y = x • (|/ • u) + 2/ • (x • it) — (2; • y) • u. 

(u) 

Clearly this operation is bilinear and commutative, and the linear operator L x of multiplication with 
x is given by 

£4" — L X L U — L U L X + L xmu . 

Dchne the corresponding quadratic operator P x u ^ — 2(L^) 2 — L x u J uX . Denote the algebra obtained by 
equipping J with the multiplication •„ by J^ u \ 

Theorem 3.14. \20\ pp. 77-78] Let J be a unital Jordan algebra. For every u G J we have 

= P X P U , (20) 

and jW i s a Jordan algebra. Moreover, if J is semi-simple, then is semi-simple if and only if u 
is invertible. 

If u is invertible, then [L u , L u -i] = and u~ x is the unit element of j( u \ 

Definition 3.15. [17l p. 57] For invertible u G J we call the Jordan algebra J^ the u-isotope of J (in 
[20] J(") is called mutation). 

3.1 The set of invertible elements 

Let J be a unital real Jordan algebra. Note that P e is the identity matrix, and hence det P e — 1. Since 
det P x is a polynomial in x, it follows by Theorem 13.101 that the set X of invertible elements is open 
and dense in J. In this subsection we shall investigate this set and its symmetry properties. 

Let II C GL(J) be the group generated by the transformations P u , where u varies in a small 
neighbourhood of the unit element. By (fT6)) the group II preserves the set X of invertible elements of 
J. Since II is connected, it preserves even every connected component of X . 

We set u° = e and u k+1 = L u u k recursively for all u G J. Then we can define the exponential 
exp(u) = X^fclo ~b. uk = ex P(-^u) e J which bijectively maps a neighbourhood of zero in J to a neighbour- 
hood of e [101 pp.82-83]. 

Lemma 3.16. \20\ Lemma IV. 4, p.83] For every u G J we have P exp ( u ) — exp(2L„). 
From this we have the following result. 

Lemma 3.17. The group II is generated by the 1-dimensional subgroups exp(tL w ), w G J. □ 
The action of the subgroup exp(tL w ) on J generates a flow with tangent vector field X w (x) = 
L w x = x»w = L x w. If L x is non-degenerate, then the vectors {X w (x) \ w G J} span the whole tangent 
space T x J, and the orbit of x under the action of II has full dimension. 

1 The claim in 1201 item (v), pp.71— 72] that J must be semi-simple is false. A counter-example will be given in 
Subsection 15.6.11 
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Lemma 3.18. \20\ Lemma V.6, p. 106] Let J be a real Jordan algebra with unit element e and let 
x £ J be invertible. Then in any neighbourhood of e there exists an element w such that det Lp wX ^ 0. 

It follows that the orbit of x has full dimension for all invertible x. By a topological argument [201 
pp. 110-111] we get the following result. 

Theorem 3.19. [20, Theorem VI. 2, p. 110] Let J be a unital real Jordan algebra. Then the group II 
acts transitively on every connected component of the set X of invertible elements of J . 

In the context of [20, Chapter VI] this theorem was proven for semi-simple J, but as we have 
sketched above, the proof is valid for every unital J. 

We now consider the case when the Jordan algebra J is semi-simple. First we introduce the notion 
of an uj-domain. 

Let Y be a nonempty open connected subset of an n-dimensional real vector space V such that 
Xy £ Y for all A > and y £ Y. Let to be a continuous real- valued function defined on the closure of 
Y which is analytic and positive on Y, vanishes on the boundary dY, satisfies u}(Xy) = X n ui(y) for all 
A > 0, y £ Y, and such that the Hessian of logo; is non-degenerate on Y. 

Then (— logo;)" defines a Hessian pseudo-metric a on Y. Since Y is a subset of the vector space V, 
a can be seen as a map from Y to the space of symmetric bilinear forms on V. Let us note o~ y for the 
value of this map at y £ Y. For points x, y £ Y, the map if* given by the matrix o~~ 1 o~ v is an element 
of GL(V). We shall assume that actually £ £(Y~, to) for every x, y £ Y, where £(Y, u) is the group 
of linear transformations W £ GL(V) such that WY = Y and w(Wx) = | det W\ ■ uj(x) for all x £ Y. 

Definition 3.20. 20, pp. 35-36] A pair (Y,lu) satisfying the above assumptions is called u-domain. 

Note that for W £ E(Y, w) we have — logw(Wx) = — log | det W\ — logw(a;), and therefore £(F, oS) 
preserves the pseudo-metric <r = (— logo;)". 

Theorem 3.21. Assume the above notations. Let J be a real semi-simple Jordan algebra and X the 
set of its invertible elements. Then the connected components of X are uj-domains \20l Corollary VI. 4, 
p. 112]. The function to of the connected component y of e in X is given by ui(y) = y/\ det P y \ [20, 
eq. VI. 3, p. 114], and the maps Hy by Py 1 - The pseudo-metric a at the unit element is given by the 
bilinear form ([Hj). a e = g [20, p. 114]. 

On the other hand, for every ui-domain Y C V , where V is a real vector space, and every point 
c £ Y there exists a real semi-simple Jordan algebra JonV with unit element e — c such that Y is the 
connected component y of e in X \20\ Theorem VI. 6, p.114]- 

In particular, the set y inherits the Hessian pseudo-metric of the w-domain. By [20j p. 79; Theorem 
VI. 1, p. 110] the group II is a subgroup of T,(y,uj) and hence consists of isometries. Thus y is a 
homogeneous space. It is actually even a symmetric space, because the map is an involution 

of y pH Theorem 1]. 

Finally we consider the other connected components of X. Let y' C X be such a component, and 
let v £ y'. Then v is invertible. Let u be its inverse and consider the isotope j( u K By ([20)) the sets of 
invertible elements in J and coincide. Since v = u^ 1 is the unit element in the component 
y' is then the connected component in X of the unit element in . By (PZ01) its w-function is just a 
multiple of the original aj-function. 

4 Immersions and Jordan algebras 

We are now in a position to establish a connection between non-degenerate centro-affine hypersurface 
immersions with parallel cubic form and real unital Jordan algebras with non-degenerate trace form. 

4.1 Jordan algebras denned by immersions 

In this subsection we show that a non-degenerate centro-affine hypersurface immersion / : M —> K n 
with parallel cubic form together with a point y £ V = M x K++ equip the tangent space T y T> with 
the structure of a unital Jordan algebra J. 
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Let / : M —> R" be a connected non-degenerate centro-affine hypersurface immersion and let the 
function F : T> — » R be denned by ((3]) . By Corollary 12.41 / has parallel cubic form if and only if F 
obeys the quasi-linear fourth-order PDE ©. 

Let us deduce the integrability condition of this PDE. Introduce local affine coordinates x a on 
T>. Differentiating (|9]) with respect to the coordinate x 71 and substituting the appearing fourth order 
derivatives of F by the right-hand side of ((9]), we obtain after simplification 

F,aftySr} — 4^ ^ ^ ^ {.F^rjifF^atp^F^ga -\- F \arjp,F ^,jrji/ F,app-F,/35a ~t~ F,ar/p,F,p'yv-F,pSa 
~t~ \j3rjv^ ,7 ppF \aSa ~t~ F \-f>qpF ^pfii/F ^aSa ~t~ ^.(irji/^^Spp^^a^cr ~t~ F fij^F p^^F a -^ a 

~\~F^7]i , F^ a ppF^^ ( j -\- F^ ar ipF^pgi>F^~f(j -\- F^rjisF^ppF^aficr -\- F^^pF^pSv F^ a j3(j^ . 

The right-hand side must be symmetric in all 5 indices. Commuting the indices 5, rj and equating the 
resulting expression with the original one we obtain 

F'^ F'^ (FflijjsF^pp^F^jfj -\- F \ctr)p,F \p5fF \f3j(T ~t~ ^ ^Tjfi-^ ^a^tr 

F^Sis-Fyjp^Faja Fctg^F^prjyF^fiyfj F^^pF^p^F^^u^ 0. 

Raising the index ry, we get by virtue of (|10|) the integrability condition 



KlpK K M + Vl KP ^ + V$p K U = <s KV p» K M + K $sK, KP a , + K 'sK, K U 

This condition is satisfied if and only if 

for all tangent vectors fields u, v on T>, which can be written as 

K(K(K(u, u), v),u) = K(K(u, v),K(u, u)). (21) 

Theorem 4.1. Let f : M R n be a non-degenerate centro-affine hypersurface immersion with parallel 
cubic form and let the function F : T> = M x R++ — > M be defined by ([3]). Let y £D be a point and 
let • : T y D x T y D — > T y D be the multiplication (w, v) i— > t>) defined by the tensor K at y. Let 7 be 
the symmetric non- degenerate bilinear form defined on T y T> by the pseudo-metric F" . 

Then the tangent space T y T>, equipped with the multiplication •, is a unital real Jordan algebra J, 
and the position vector e is its unit element. The form 7 is a trace form and 7(e, e) = —1. There 
exists a unique central element z E Z(J) such that g{u, v) — 7(2 • u, v) for all u, v E J , where g is the 
bilinear form defined by (|14|) . 

Proof. Assume the conditions of the theorem. The tensor K^g is symmetric in the indices a, (3, hence 
the multiplication • is commutative. With u 2 — u • u condition (|21[) becomes equivalent to 

u • (u 2 • v) — u 2 • (u • v), 

which is the Jordan identity in Definition 13.11 Thus T y D, equipped with the multiplication •, is a 
Jordan algebra J. 

By the third relation in Lemma 12.11 we have 



(u . ey = Kl p u a e? = ^ a0S F^u a e^ = F^ s F^u a = u\ (22) 

for all u E J, and the position vector e is the unit element of J. 
For any vectors u,v,w E J we have 

7(« •«,«;) = F^Kl p u 5 vP W '< = ^F^Fj pa F^u 5 v p w^ = -^F^A"^ 

= -^iu'V-'Vifl 1 = F^u 5 K^ V p W ^ = 7 («, « • «;). (23) 
Hence the form 7 satisfies (|19[) and verifies the conditions of Theorem 13.121 



By ()15|) the bilinear form g verifies the assumptions on the form a in Theorem 13. 12| which implies 
existence and uniqueness of a central element z such that g(u, v) — 7(2 • u, v) for all u, v. 

Finally, the relation j(e, e) = —1 follows from the fifth relation in Lemma |2~T1 □ 
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Let us compute the central element z in terms of the derivatives of F. We have tr L v — g{e, v) = 
7(2 • e,v) — j(z, v) for all v G J. This yields if^L — F^z 1 , and hence 

z* = -^F, afh F^F> aS . (24) 



Lemma 4.2. Assume the conditions of Theorem \4-l\ Then f is an affine hypersphere with center in 
the origin if and only if z — —ne, or equivalently, g — —wy. In this case J is semi-simple. 

Proof. From (jM)) and the first relation in ^ we have 

z s = -^(U*T a - 2nF ia )F- aS = -^F' aS U*T a - ne s ', 



where II* T a is the pullback of the Tchebycheff form from Lemma 12.31 

If / is an affine hypersphere, then by Corollary 12.41 we have H*T a — and hence z = —ne. 

If, on the other hand, z = —ne, then H*T = at y — (£, A) g T>. Hence the Tchebycheff form T 

vanishes at £- 6 M, and the cubic form C of M is traceless at the point £. But C is parallel, and hence 

must be traceless everywhere on M. Thus M is an affine hypersphere with center in the origin. 

Finally, the relation z = —ne implies that L z = —nl is invcrtible. Hence g = "fL z is non-degenerate 

and J is semi-simple. □ 

Corollary 4.3. Assume the conditions of Theorem \4-l\ If the Jordan algebra J defined by the hyper- 
surface immersion f is central- simple, then M is an affine hypersphere with center in the origin. 

Proof. If J is central-simple, then z = fxe for some constant /1. Since g(e, e) = t(e) — n, we have 
n = 7(2 • e, e) = /U7(e, e ) = — /•*■ The claim now follows from Lemma |4.2[ □ 



Lemma 4.4. Assume the conditions of Theorem \4-.l\ If the form 7 is negative definite, i.e., f is locally 
strongly convex of hyperbolic type, then the Jordan algebra J is formally real. 

Proof. If 7 is negative definite, then a = —7 is positive definite and J is formally real by Theorem 

ELI □ 



We shall now provide the equivalent of Theorem 14. II in the case when the centro- affine hypersurface 
is given as an integral hypersurface of an involutive distribution. 



Theorem 4.5. Assume the conditions and notations of Lemma \2.6l Suppose that M has parallel 
cubic form as a centro-affine hypersurface. Let e e M be a point and let • : W 1 x K" — > be the 
multiplication (u, v) i— > K(u, v) defined by the difference tensor K at e. Let further I e : T e Y — > R n be 
the canonical isomorphism between R n and the tangent space at e. Define a symmetric bilinear form 
7 on K" by the pullback (J- 1 )* (DC). 

Then W 1 , equipped with the multiplication •, is a unital real Jordan algebra J , and the vector e is 
its unit element. The form 7 is a trace form and 7(e,e) = — 1. There exists a unique central element 
z G Z(J) such that g(u, v) — 7(2 • u, v) for all u,v 6 J , where g is the bilinear form defined by {TJ 



Proof. As in the proof of Lemma |2~51 we find a neighbourhood U of e in R™ and a neighbourhood U' of 
a = (e, 1) in T> such that f[U'] = U, the restriction f\w is injective, and there exists a local potential 
<I> of C on U such that the restriction F\jj' is the pullback of $ from U by means of f\u'- 

Then /(a) = e, f*[T a T>] — T e Y, and I e f* ■ T a V — > R" is an isomorphism that takes the position 
vector in T a V to e. The claims of Theorem 14.51 now follow by carrying over to R™ the structures »,7 
defined on T a T> by virtue of Theorem 14. II □ 
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4.2 Immersions denned by Jordan algebras 

In this subsection we consider the opposite direction and show that every pair (J, 7), where J is a 
real unital Jordan algebra of dimension n > 2 and 7 is a non-degenerate trace form on J satisfying 
7(e,e) = — 1, defines an invariant involutive distribution A on the connected component y of e in 
the set X of invertible elements, such that the integral hypersurfaces of A are centro-affine and have 
parallel cubic form. 

For a pair (J, 7) as above, let us define a 1-form £ on y. At the point x £ y we set 

C(u) = - 1 (u,x- 1 ). (25) 
Let r = {u G J 7 (u, e) = 0} be the orthogonal complement of e with respect to 7. 

Lemma 4.6. The form £ evaluates to 1 on the position vector field x, is closed, and invariant with 
respect to the action of the group II. The kernel A of £ is an involutive (n ~ 1) - dimensional distribution 
on y. The derivative DC, is non- degenerate. The form £ annihilates the vector field X w {x) — x • w for 
every w G T. Both the distribution A and the form D£ are invariant with respect to the map x 1— > x~ x 
on y . All assertions except the relation C,{x) = 1 remain valid if we drop the condition 7(e, e) = — 1. 

Proof. Suppose that £ is zero at some point x G y. Then x" 1 ^ is in the kernel of 7, which contradicts 
the non-degeneracy of 7. Hence C is nowhere zero and its kernel A is an (n— l)-dimensional distribution. 
At x G y the derivative of £ in the direction of a vector v G J is by virtue of (fTTf given by 

(D v Q(u) = - 7 (u, Dvx' 1 ) = 7 (u, P-M. (26) 

But the operator P~ x is self-adjoint with respect to 7, because the operators L X ,L X 2 are self-adjoint 
by virtue of (|19[) . Thus (I?„C)(' lt ) = (D u C)(v), -D£ is symmetric in its two arguments, and the exterior 
derivative of £ vanishes. It follows that £ is closed and the distribution A involutive. 

By (|26[) the matrix of Z?£ is given by 7-PjT 1 . But both 7 and P x are non-degenerate. Hence Z?£ is 
non-degenerate. 

We now show that £ is invariant with respect to the action of n. By Lemma 13.171 it is sufficient to 
show that for every w G J the Lie derivative of £ in the direction of the vector field X w (x) = x • w 
vanishes. We have 

(£x»wOi u ) = (D x . w ()(u) + C(D u (x • w)) = j(u,P~ x (x • w)) + ((u • w) 

— 7(7/, P x 1 L x w) — 7 (u • w, x~ 1 ) = 7(7/, L x -iw) — 7(u, u) • a; -1 ) = 0. 

Here we used (|21)|) for the second equality and Theorem 13. 101 for the fourth. 

Let w G r. Then £(X UJ ) = —7(2; • w, cc _1 ) = —7(10, a; • a;^ 1 ) = —7(10, e) = by the definition of V . 

Consider vectors u, v G T X J. By (TTT)) the images u, u G T x -iJ of m, u under the differential of the 
map x 1 — ^ a; -1 are given by u = —P~ 1 u, v — —P x 1 v. We then have 

C(«) = -7(«)S) = l( p x lu > x ) = l{ u > p x lx ) = l{u,x^) = -C(m), 
(£»C)(«,«) = 7(",ip\«)=7(^VPxP-M=7(",^x"^) = PC)Kw). 

Here in the third equalities of both lines we used that P~ x is self-adjoint with respect to 7. In the 
first and last equalities of the second line we used (|26|) . In the second equality of the second line and 
in the fourth equality of the first line we used Theorem 13.101 From the first line it follows that A is 
invariant with respect to the non-linear transformation x M> x , while the second line implies that 
DQ is invariant. 

Up to now we did not use the condition 7 (e, e) = — 1. With this condition we have for x G y that 
C(x) = —j(x, x~ 1 ) = —7(2; • e, x^ 1 ) — — 7(e, x • a; -1 ) = — j(e, e) = 1. This completes the proof. □ 

Define the subspace L(T) = {L w \ w G T} C L(J) = {L w \ w G J} and let 9 C II be the subgroup 
generated by the 1-dimensional subgroups exp(tL w ), w G T. Let Cq, Cu be the Lie algebras generated 
by L(T),L(J), respectively. 

Lemma 4.7. The group O preserves the maximal integral manifolds of A. The Lie algebra Cu can be 
expressed as a direct sum Cq © (R. • I), with I being the identity matrix. 
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Proof. By Lemma T4. 61 the vector fields X w are tangent to A for w £ T. This implies the first claim of 
the lemma. 

Now note that e ^ T, because 7(e, e) = —1^0. Hence J = T © (R ■ e), which implies L(J) = 
L(T) ©(R.J). It follows that [L{J),L{J)\ = [L(T),L(T)], [L(J),[L(J),L(J)]] = [J(r), [J(r), L(r)]] 
etc. Hence £ n = £e + (R • J). 

It rests to show that I is not an element of Cq. The position vector field Ix — x generated by 
the action of the subgroup exp(tl) is not tangent to the involutive distribution A. However, all the 
generators of Cq induce vector fields which are tangent to A, and thus the vector fields Ax must be 
tangent to A for all A £ Cq. This implies that I does not belong to Cq. □ 

Let us define the subgroup SH = Ilfl SL(J) of elements with determinant 1. Clearly STI is 
connected. Since P ae = a 2 P e = a 2 I is an element of n for all a > 0, and det G > for all G 6 II 
by the connectedness of n, we have that n is the direct product of STI with the central subgroup 
R++J = {al | a > 0}. The group STI is generated by the 1-dimensional subgroups exp(tL w ) satisfying 
tr L w — t(w) = 0. Let Csn be the Lie algebra generated by {L w | t(w) =0}. As in the proof of Lemma 
14.71 we have the decomposition Cn = Csn © (R • I). 

Lemma 4.8. Let G € Sn be an arbitrary element. Then there exist a > and G £ such that 
G' = aG. 

Proof. Define the group homomorphism n : — > Sn by n(G) — (det G) _1 /™G. Its differential dn\id '■ 
Cq — > Csn at the identity element is given by dir\ Id : A i-> A - ( n - 1 trA)L We have C B © (R • I) = 
Csn © (R • J), and dir\id is an isomorphism of the Lie algebras Ce,Csn- By j32l Proposition 3.26, 
p. 100] 7r must then be a covering map. In particular, it is surjective. The claim of the lemma now 
easily follows. □ 

Define the function <p{u) = dctP„ on J. Since ip(P u v) = (p 2 (u)(p(v) [2Qj p. 78], the function ip is 
invariant under the action of Sn. In particular, the level surfaces ip c — {x £ y ip(x) — c}, c > 0, are 
the orbits of the action of Sn on y. Let ir : y \-> (ip(y))~2^y be the projection of y onto the level 
surface ip\ along the rays of 3^- 

Theorem 4.9. Let M be a maximal integral manifold of the distribution A. Then M is a homogeneous, 
symmetric, non-degenerate, affine complete centro-affine hypersurface with parallel cubic form. Its 
conic hull [J^ >0 XM equals y. The restriction tt\m is a covering map, and different sheets of the 
covering are related by homothety. 

Proof. That M is centro-affine follows from transversality of A to the position vector field. 

By Theorem [3T9] the group n acts transitively on y. Let y,y' £ M be arbitrary points. Then there 
exists an element Gen such that Gy = y' . But by Lemma G preserves the form ( and hence 
also the distribution A. Thus G takes the maximal integral manifold of A through y to the maximal 
integral manifold through y' . But both manifolds coincide with M, and G restricts to a diffcomorphism 
of M. Thus there exists a subgroup of n that acts transitively on M. 

By Lemma [2~6l the centro-affine metric on M is given by the restriction of DC to M. By Lemma [4~6l 
J>C is non-degenerate, hence so is the hypersurface M. Moreover, by Lemma [4~6l the form £ and hence 
its derivatives are invariant with respect to the action of the group n. Thus n consists of isometries 
of y and M is a homogeneous space. It also follows that M is affine complete. 

By Lemma l4.6l the mapping x i— » x~ l preserves both the distribution A on y and the pseudo-metric 
defined by DQ. Since e is a fixed point of this map, the map is an involution of the maximal integral 
manifold M' of A through e. Thus M' is a symmetric space. But M is a homothetic image of M' and 
hence also a symmetric space. 

Let now y £ y be an arbitrary point. Choose a point x £ M. Then there exists Gen such 
that Gx = y. We have (det G)~ 1/n G £ Sn. By Lemma H~8] there exists a > and G' £ such that 
G' = a(detG)~ 1 /"G. Since the action of on y preserves M, we have G'x = a (det G)- 1 /"Gx = 
a(det G) _1 /™y £ M. Hence y is in the conic hull of M and this conic hull must be equal to y. 

It follows that the projection 7r|j\/ : M — > ipi is surjective. Since the distribution A is invariant with 
respect to homotheties, every simply connected neighbourhood in ipi is evenly covered by tt\m- Thus 
7r|j\/ is a covering map, and the sheets over evenly covered neighbourhoods are related by homothety. 



14 



Let us show that M has parallel cubic form. Let u, v G J be arbitrary vectors. Note that D V P X = 
2L X L V + 2L V L X — 2L xmv . By virtue of (|26|) we then have at the point x G y 



(DC)(u,v) = i^P^v), 
(D 2 0(u, v, v) = -2 7 (w, P X \L X L V + L V L X - L xmv )P^ x v), 
(D 3 C,)(u,v,v,v) = 8j(u,P x 1 (L x L v + L V L X - L X . V )P X 1 (L X L V + L V L X - L x . v )P x 1 v) 
-2 7 ( W ,P- 1 P„P- 1 «). 

Specifying to x = e, we obtain 

(DQ(u,v) = >y(u,v), (27) 
(D 2 ()(u, v, v) = -2 7 (u, L v v) = -2 7 (u, v 2 ), 
(D 3 ()(u,v,v,v) — 8j(u, L 2 v) — 2j(u, P v v) = 6j(u,v 3 ) = 6j(v • u,v 2 ). 

The matrix of DC, at e is then given by 7, and its inverse by 7 -1 . The coordinate vector of the 1-form 
(D 2 C,)(-, w, u) is given by — 2 r yv 2 . If we consider the inverse (DC,)" 1 as a symmetric contravariant second 
order tensor acting on covariant 1-forms, we obtain 

(DCT WOO, «, v), (D 2 0(; v, v)) = 4( V 2 ) T 77 - 1 7 « 2 = 4( V 2 ) T 7 « 2 = 4 7 ( v 2 , v 2 ). 
Comparing this with (D 3 C,)(v, v, v, v) — 6 7 (u 2 , v 2 ), we finally obtain 

(D 3 C)(v,v,v,v) = ^(DC)- 1 ((D 2 0(;v 7 v) 7 (D 2 0(;v 7 v)). (28) 

This relation holds at the point e for arbitrary vectors v. 

However, by Lemma 14.61 the form £ and its derivatives are invariant with respect to the action of 
II, and hence (f28|) holds identically on y. By Lemma [276] the manifold M has then parallel cubic form. 
This completes the proof. □ 



Let us now consider the case when J is semi-simple and 7 = — n 1 g. Then y is an w-domain. 

Lemma 4.10. Let J be a real semi-simple Jordan algebra, y the corresponding u-domain containing 
the unit element, lu its uj-function, and 7 = —n~ 1 g a non- degenerate trace form. Then the maximal 
integral manifolds of the distribution A from Lemma \4-.6\ are the level surfaces u c = {x G y \ u)(x) = c}, 
c> 0, of the function lu. 

Proof. By (fT8"]) we have C,(u) — — 7 (u, x^ 1 ) — n~ 1 g(M,x _1 ) = ^£>„(log det P x ). It follows that C, 
possesses the global potential function 

$ = -L log det P x = - log u (29) 
In n 

on y. Here the second equality comes from Theorem 13.211 The maximal integral manifolds of A are 
the level surfaces of But these coincide with the level surfaces of to. □ 

Theorem 4.11. Let y be an uj-domain with function 10 and pseudo-metric a. For every c > 0. 
the level surface uj c is a connected (n — 1) -dimensional centro-affine submanifold of y . Jts conic hull 
equals y, and each ray of y intersects ui c exactly once. As an affine hypersurface immersion, io c is 
an affine complete, Euclidean complete, homogeneous symmetric affine hypersphere with center in the 
origin which is asymptotic to the boundary of y and has parallel cubic form. The restriction of the 
pseudo-metric a to lj c is proportional to the affine metric. 

Proof. That lo c is a centro-affine complete, homogeneous, symmetric centro-affine hypersurface, with 
parallel cubic form, and with conic hull equal to y, follows from Theorem 14.91 and Lemma [4.101 

That lo c intersects each ray exactly once follows from the homogeneity of the function to. 

Since w = 0on the boundary of y and lu is continuous on the closure of y, the level surface lo c is 
closed and without boundary. It is thus Euclidean complete and asymptotic to the boundary of y. 
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By Lemma 12.61 the centro-affine metric is given by the restriction of DC, on lj c . However, Q has 
the global potential $ given by (|29|). and hence DC, = = logw)" = — n~ 1 a. Thus the 

centro-affine metric is proportional to the pseudo-metric induced by a. 

We shall now show that w c is an affine hypersphere. By ([27]) the matrix of DC, at the point e is 
given by 7 = — n _1 <7, and its inverse by — ng^ 1 . Further, (D 2 C)(u, v, v) = ^g(u,v 2 ) = ^g(L u v,v), and 
the matrix of (D 2 ()(u, ■, ■) is given by ^L^g. It follows that at e 

tr D( (D 2 ()(u,-,-) = tr{-2L T u gg- x ) = -2tr L u = -2g(u,e) = -2nQ{u). 

Now note that by Lemma 14.61 the form C and its derivatives are invariant with respect to the action of 
II. Hence the above relation holds identically on y. By Lemma \2. 5] cj c is then an affine hypersphere 
with center in the origin. 

It follows that the Blaschke metric of uj c is proportional to its centro-affine metric. Thus uj c is 
also affine complete with respect to its Blaschke metric, and its Blaschke metric is proportional to the 
pseudo-metric induced by a. □ 



4.3 Immersions and Jordan algebras 

Let us summarize the results of the two preceding subsections. 

Let M C Y be a non-degenerate centro-affine hypersurface with parallel cubic form, given as in 
Lemma 12.61 by an integral manifold of an involutive distribution A on an open subset Y C R™ . Let 
C be the closed 1-form on Y satisfying £(x) = 1, where x is the position vector field, such that A is 
the kernel of C- Let D be the Levi-Civita connection of the pseudo-metric DC on Y, and D the flat 
connection on R™. Choose a point a G M and consider the tensor K = D — D at a. This tensor 
defines a real unital Jordan algebra J a on R™ with unit element a. Let further "f a be the symmetric 
bilinear form defined on J a by DC, evaluated at a. Then j a is a non-degenerate trace form satisfying 
7(0, a) = -1. 

On the other hand, let J be a real unital Jordan algebra of dimension n > 2, 7 a non-degenerate 
trace form satisfying j(e,e) = — 1, y the connected component of the unit clement e in the set of 
invertiblc elements of J, and A the involutive distribution on y from Lemma l4.6l Then every maximal 
integral manifold of A is a non-degenerate centro-affine hypersurface with parallel cubic form. 

We shall now consider the interplay between these relations. 

Lemma 4.12. Assume above notations and set J = J a , 7 = j a . Then the hypersurface M is an 
integral manifold of A. 

Proof. Let M' be the maximal integral manifold of A passing through the point a, and let £ be the 
closed 1-form from Lemma l4~6l Then A is the kernel of £, A is the kernel of £, and M, M' are integral 
manifolds of A, A, respectively. Note that M' has parallel cubic form by Theorem 14.91 

At the vector x = a, which is the unit element of the Jordan algebra J a , we have by virtue of 
([2S|).(p7]l that 

CO) = -l(u,a), 
(D()(u,u) = j(u,u), 
(D 2 C)(u lU ,u) = -2 7 ( M , U 2 ) 

for all u G J a - On the other hand, at a the values of C, and its derivatives on u are given by 

CO") = -(D()(a,u) = --f a (a,u), 
(D()(u,u) = 7„ («,«), 
(D 2 C){u,u,u) = -2(DC){u.u,u) = -2 la (u 2 ,u). 

Here we used (fTT|) in the first equality of the first line, and (fT2|) in the first equality of the third line. 

Thus at a the values of C and its first two derivatives coincide with the values of C and its derivatives, 
respectively. It follows that the hypersurfaces M, M' make a contact of order 3 at a. But both 
hypersurfaces have parallel cubic form and must hence locally coincide. Since M' is centro-affine 
complete by Theorem l4.9[ M is actually contained in M'. The claim of the lemma now easily follows. 

□ 
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Theorem 4.13. Let f ; M — » R" be a connected non-degenerate centro-affine hypersurface immersion 
with parallel cubic form. Then f can be extended to a homogeneous, symmetric, affine complete, 
injective non- degenerate centro-affine hypersurface immersion f : M — > R" with parallel cubic form. 
Let Y be the conic hull of the image of f. Then there exists a real unital Jordan algebra J on R™ such 
that Y is the connected component of the unit element e in the set of invertible elements of J. Moreover, 
there exists a non-degenerate trace form 7 on J satisfying 7(e,e) = —1 such that the immersion f is 
tangent to the distribution A defined on Y by the pair (J, 7) as in Lemma \4-6\ 

Proof. Choose an arbitrary point £ £ M and a neighbourhood V C M of £ such that the image 
f[V] is an embedded submanifold of R™ and each ray in R™ intersects f[V] at most once. Then 
U = {Xf(ip) I <p G V, A > 0} is an open subset of R™ which is canonically diffeomorphic to V x R++. 
Define a function <!> on U by $(A/(v?)) = log A and let C = D$. 

Then ( is a closed 1-form on U and satisfies £(x) = 1, with x the position vector field. Moreover, 
the image f[V] is an integral hypersurface of the kernel A of Put a = /(£). 

Apply Theorem 14.51 to the image f[V] at the point a, let J be the Jordan algebra on R™ with unit 
element a and 7 the trace form from this theorem. Let £ be the 1-form ([2"5|) defined by the pair (J, 7), 
and let A be its kernel as in Lemma [4.61 Then by Lemma [4.121 the hypersurface f[V] is an integral 
manifold of A. 

Let M' be the maximal integral manifold of A passing through the point a. Then f[V] is contained 
in M' . By Theorem 14.91 the hypersurface M' has parallel cubic form and is affine complete. Since the 
immersion / also has parallel cubic form, and the image of / shares with M' the set f[V], the image 
of / must actually be contained in M' . The claims of the theorem now follow from the properties of 
M' given in Theorem 14.91 □ 

Theorem 14.131 completely characterizes centro-affine hypersurface immersions with parallel cubic 
form. Their study is thus reduced to the study of pairs (J, 7), where J is a real unital Jordan algebra, 
and 7 is a non-degenerate trace form on J satisfying j(e, e) = — 1. We have also the following result. 

Theorem 4.14. Let f : M —> R" be a proper affine hypersphere with center in the origin and with 
parallel cubic form. Then there exists an u-domain Y C R™ such that f[M] is contained in some level 
surface u c of the ^-function ofY. 

Proof. First of all, note that Theorem l4.13l is applicable. By Lemma [4.2l the bilinear form 7 in Theorem 
14.131 equals ~n~ 1 g and the algebra J is semi-simple. Then by Lemma 14.101 the maximal integral 
manifolds of A are the level surfaces of the function uj. This proves the theorem. □ 

Thus the study of proper affine hyperspheres with parallel cubic form can be reduced to the study 
of the level surfaces uj c of w-domains, and Theorem 14. Ill is applicable. 

Remark 4.15. Lemma T4. 121 essentially says that if we start with a centro-affine hypersurface immersion 
with parallel cubic form, pick a point on it and construct a pair (J, 7) of a real unital Jordan algebra 
together with a non-degenerate trace form 7 as in Theorem I4.1[ and then construct an involutive 
distribution A from (J, 7) as in Lemma 14. 6[ whose integral manifolds have parallel cubic form, then 
we recover the original hypersurface. A similar result holds for the reverse way. If we start with a 
pair (J, 7), construct a distribution A from it, choose the maximal integral manifold M of A passing 
through the unit element e, and then construct a pair (J', 7') from M at the point e as in Theorem 
14.11 then we recover the original pair (J, 7). 

Consider a centro-affine hypersurface immersion / : M R" with parallel cubic form. In order 
to construct a pair (J, 7) that in turn yields the centro-affine completion of the immersion /, we had 
to choose a point y S T> = M X R ++ . The next result shows that the Jordan algebra J is essentially 
independent of the basepoint y. 

Lemma 4.16. Let f : M —> R" be a non- degenerate centro-affine hypersurface immersion with parallel 
cubic form. Let y,y' G D = M x R++ be points and let J y ,J y > be the Jordan algebras defined by 
the difference tensor K = D — D on the tangent spaces TyT>,T y iT>, respectively. Then J y ,J y > are 
isomorphic. 



17 



Proof. Choose a smooth path in T> connecting y, y' and transport the tangent space T y T> along this 
path using the parallel transport of the connection D. In this way we obtain a map A y , y > : T y T> — > T y >T>, 
which by Lemma 1231 preserves the tensor K. Hence the map A Vyy i is an isomorphism between J y and 

Jy>. □ 

The isomorphism A v , y i may not be canonical, however, as it in general depends on the path linking y 
and y' . In particular, any closed path leading back to the original basepoint y induces an automorphism 
of J y . Clearly this automorphism has to preserve the bilinear form 7 determined by the immersion. 

In any case the pairs (J, 7) constructed from different points on the immersion lead to the same 
connected component y, because the centro-afhne completion of the immersion is unique and y is the 
conic hull of its image. 



5 Classification 

In this section we give a complete classification of the non-degenerate proper affine hyperspheres with 
parallel cubic form. It is based on the classification of finite-dimensional simple real Jordan algebras 
and the fact that a semi-simple Jordan algebra is the direct product of uniquely determined simple 
factors. We also classify those centro- affine hypcrsurface immersions with parallel cubic form whose 
associated Jordan algebra is semi-simple. 



5.1 Decomposition 

In this subsection we investigate which impact the decomposition of a unital Jordan algebra J into a 
direct sum of ideals J\ , . . . , J r has on the centro-affine hypersurfaces with parallel cubic form which J 
defines. 

For an element x G J, we shall denote by Xk its projection on the ideal Jk- Thus x — x k with 

Xk G Jk- The projections ej, of the unit element e are the unit elements in the ideals Jk, and all Jk are 
also unital. Pass to a coordinate system which is adapted to the decomposition J = £Bl =1 Jk- Since the 
Jk are ideals, all operators L x are block-diagonal. Namely, we have L x = diag(L a;i , . . . ,L Xr ), where 
L Xk is the operator of multiplication with Xk in Jk- This implies that (x 2 )k = x\, and the operators 
P x are also block-diagonal. Namely, P x = dia,g(P Xl , . . . ,P Xr ), where P Xk is the quadratic operator of 
Xk in Jk- It follows that x is invertible in J if and only if all Xk are invertible in Jk, and the inverse 
of x is given by 53fc=i x k 1 course j x k is not invertible in J if r > 1, so the inverse of Xk is always 
assumed in Jk). Let y be the connected component of e in the set of invertible elements in J, and 34 
the connected component of ek in the set of invertible elements of Jk- From the above it then follows 
that y is the sum of the y k , y = {y | y k G y k V k = 1, . . . , r}. 

Lemma 5.1. Assume above notations. Let 7 be a trace form on J, and denote by jk the restriction 
of 7 to the subspace Jk- Then j(x,y) = jy~k =1 Jk( x k,yk) and 7 is non-degenerate if and only if all 7^ 
are non-degenerate. Moreover, 7^ is a trace form on Jk for all k. On the other hand, if o~k are trace 
forms on Jk, then the form a on J given by a(x,y) — X)I=i a k{xk,yk) is a trace form. 

Proof. For k ^ I we have j(xk, yi) = l(x k • e, yi) = j(e, x k • yi) = j(e, 0) = 0. Thus 

r r r 

y) = 7(«fc> yi) = X! i( x k,yk) = ik( x k,yk)- 

k,l=l k=l k=l 

The matrix of 7 is then given by diag(7i, . . . ,7 r ), and it is invertible if and only if all blocks jk are 
invertible. A symmetric block-diagonal matrix a — diag(eri, . . . , ay) satisfies L x a = aL x for all x G J, 
i.e., a is a trace form on J, if and only if L Xk o~k = &kL Xk for all k and all Xk G Jk, i-e., if all o~k are 
trace forms on Jk- □ 

Lemma 5.2. Assume the notations at the beginning of the subsection. Let 7 be a non- degenerate trace 
form on J and 7^ its restrictions to Jk- Let C,Ck be the 1-forms (|25[) defined on y,yk by the pairs 
( J, 7), ( Jk, 7fc), respectively. Then we have (,{u) — X)I=iCfc( M fe) f or a M u G J. Let x G y and let U 
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be a neighbourhood of x such that there exists a local potential $ : U — > K of Then there exist 
neighbourhoods Uk of Xk in 34 and local potentials $fe : Uk — > K o/£fc smc/i £/ia£ U' = U\ + • • • + U r C U 
and $(y) = Yf k= i ®k{Vk) for all y E U' . 

Proof. We have 

r r 
k=l k=l 



Here the second equality comes from Lemma 15.11 Note that the trace forms 7^ are non-degenerate by 
Lemma ISTTl and C, Cfc are closed by Lemma l4~6l Let us choose connected neighbourhoods Uk of Xk such 
that there exist local potentials $fc : Uk — > K of and U 1 = U% + • • ■ + U r C U. By possibly adding 
a constant to one of the <&k we may assume that 5Z&=i ^fc( x fc) — Let y G U' be an arbitrary 

point. Choose smooth paths Cfc : [0, 1] — > Uk connecting Xk with yk- Then the path a dchncd by 
°~( T ) = Sfe=i <T fc( r ) ^ es m U an( i connects x with y. We have 

T 1 T 1 7™ 

$(») = *(»)+/ C(^(r))dr = ^$ fc (x fc )+ / 530b(*fc(r))dr = X;* fc (|/ fc ). 
70 fe=i 70 fe=i fc=i 

This completes the proof. □ 

By Theorem 14. 1 31 centro-afhne hypersurface immersions with parallel cubic form can be character- 
ized as level surfaces of a potential $ of the form ( defined as in (|25l) by some real unital Jordan algebra 
J and a non-degenerate trace form 7 satisfying 7(e, e) = — 1. Lemma 15.21 then implies that in order 
to describe such an immersion with decomposable Jordan algebra J, one only needs to compute the 
potentials <£>fc for the indecomposable factors Jk of J. Note that if 7 is a non-degenerate trace form on 
J satisfying 7(e, e) = — 1, then its restrictions 7^ are non-degenerate trace forms on Jk, but they do 
not need in general to satisfy the condition jk(ek, e^) / 0. If jk(ek, efc) = 0, however, then Lemma B~T1 
is no more valid and the maximal integral manifolds of the kernel of are no more centro-afhne. 
This is why a centro-affine hypersurface immersion with parallel cubic form which corresponds to a 
decomposable Jordan algebra does not need be itself decomposable. 

Lemma 5.3. Assume the notations at the beginning of the subsection. Let jk be non- degenerate 
trace forms on Jk such that the numbers 7fc(efc, e&) are not all zero, and let be the closed 1- forms 
defined as in (|25[) by 7^ on yk- Let Ck be nonzero real numbers such that 531=1 c fc7fc( e fc 5 e fc) 7^ 0- Let 
Uk C 34- be neighbourhoods such that there exist potentials $t : [/t -> I o/(t. Define a function 

®( x ) = ELi £k®k(xk) on Ui + ■ ■ ■ + u r c y. 

Then the level surfaces of $ are centro-affine hypersurfaces with parallel cubic form. 

Proof. By possibly multiplying all Ck and $ with the same nonzero constant, we can assume without 
loss of generality that J2k=i c k^k(ek, ejt) = -1. 

Define a symmetric bilinear form 7 on J by 7(2;, y) = J^.j Ckjk(xk, yk)- Then by the last part of 
Lemma 15. 11 ^/ is a non-degenerate trace form, and it satisfies j(e, e) = — 1. 

Let ( be the 1-form defined on y by (J, 7) as in (|25|) . From Lemma [5.21 it follows that £(it) — 
Sfe=i c kCk(uk)- Then the relations Cfc = imply that £ = D$, and $ is a potential of £. The claim 
of the lemma now follows from Theorem 14.91 □ 



Analogous to the fifth relation in Lemma 12.11 it can be proven that the logarithmic homogeneity 
constant of $ is given by — 7(e, e). Hence the condition Y?k=i c fc7fc( e fc' e fc) 7^ is equivalent to the 
condition that this constant is nonzero. 

Let us now consider the case when the centro-affine hypersurface with parallel cubic form is an 
affine hypersphere with center in the origin. By Lemma 14.21 this situation occurs if and only if J is 
semi-simple and 7 = —n~ l g, where g is given by (|14p. By Theorem 13.51 J decomposes into a direct 
sum of simple ideals. We shall show that this decomposition induces a representation of the affine 
hypersphere as a Calabi product of lower-dimensional affine hyperspheres with parallel cubic form. 
Note that in Subsection 14.21 we excluded Jordan algebras of dimension 1. The simple factors of a 
semi-simple algebra J may, however, have dimension 1. Therefore in what follows below we consider 
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the point as an affine hypersphere with parallel cubic form and include it in the list of possible factors 
occurring in the Calabi product. 

Lemma 5.4. Let J = ©I =1 Jk be the decomposition of a real semi-simple Jordan algebra into simple 
factors. Let y, 34 be the co-domains of J, Jk containing the respective unit element. Let c > 0, Ck > 0, 
k = 1, . . . , r, be constants. Let Lj Cl u)k,c k be the corresponding level surfaces of the uj -functions uj,ujk on 
y,yk, respectively. Then uj c is a Calabi product of the level surfaces u)k,c k , which may include points 
as factors. 

Proof. Let nk be the dimension of Jk, and n = X)3b=i n k the dimension of J. By Theorem 14. 1 II all level 
surfaces ojk,c k with > 2 are indeed proper affine hyperspheres with center in the origin. The level 
surfaces uik,c k for which nk — I are points. Let 0Jk.c k be given as an affine hypersurface immersion by 
the inclusion map ik ■ uJk. Ck — ► Jk- Define the (r — l)-dimensional affine subspace A C M r by 

{r r \ 

t= (fi, • ■ • ,t r ) T | ^2n k t k = log c - log c fc \ . 
k=l k=l ) 

Let us define the immersion f : A x Y[ k =i u k,c k ~> J by 

r 

f(t,xi, . . . ,x r ) — *^2e tk i k (x k ). (30) 

fe=i 

This is a Calabi product of the affine hyperspheres 0Jk,c k [23 . 

Let us show that its image is the level surface lo c . Recall that the functions lo, lo^ are homogeneous 
of degree n,nk, respectively. Moreover, detP^ = Ilfe=i ^et P Xk and hence by Theorem 13.211 co(x) = 
Y\k=i w fe( a; fc) f° r au x e y. We then have 

(r \ r r r 

J2 etkx k )= II ^ (e tk x k ) = J] e" fctfc w fe (x fe ) = e^I=i " A J] c k 
k=l / k=l k=l k=l 

r 

= e logc-Efc = ilogc fc -Q Ck = c 

fc=l 

Hence the image of the immersion / is contained in the level surface u c . 

On the other hand, let x = 53fc=i x k ^ w <=, with x k £ J^fc. Since the conic hull of the level 
surface uik,c k i s 34, there exist ctk > and y k E ^k,c k such that x k = ctkVk- We then have Wk(xk) = 
a^ k LUk(jjk) = a7 k kc k- Since io{x) — c, we obtain 

r r r 

logc = logw(x) = log J^w fe (x fe ) = ^log(a^ fe c fe ) = (n fe loga fc +logc fe ) . 

fe=l k=l k=l 

Hence t = (logai, . . . ,loga r ) T E A, and f(t,yi, . . . ,y r ) = X)fe=i a kVk — x, which proves that lo c is 
contained in the image of /. □ 

Remark 5.5. Originally, the Calabi product of proper affine hyperspheres was defined for two factors. 
It can, however, in a straightforward manner be extended to multiple factors, which was accomplished 
in [2 3) for the hyperbolic case. The formula (|30[) is equivalent to, but much simpler than the existing 
definitions, and is valid for affine hyperspheres of arbitrary signature. 

Thus, in order to classify the proper affine hyperspheres with parallel cubic form, it is sufficient to 
classify those which are defined by the w-domains of simple Jordan algebras. 

5.2 Real and complex Jordan algebras 

In this subsection we consider the situation when a real semi-simple Jordan algebra Jr of dimension 
2n is isomorphic to a complex Jordan algebra Jc of dimension n. This is motivated by Lemma 13.71 
which implies that this case occurs whenever a simple real Jordan algebra is not central-simple. 
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For convenience, we identify the underlying vector spaces such that the multiplication • in Jr and 
Jc is the same operation. It follows that the linear mapping P x : y i— > 2x • [x • y) — (x • x) • y is also 
the same operation in Jr and Jc- If xc £ C" is the coordinate vector of some point a; in Jc, then we 

assign to x the coordinate vector xr = [ T G K 2 ™ in Jr. The linear operators L Xl P x can then be 



\Im x , 

represented as complex matrices L^,P X £ C nx ™ when acting on complex coordinate vectors, and as 
real matrices 7*, £ l 2nx2n when acting on real coordinate vectors. 

Lemma 5.6. The matrices 7*, P^ are given by 

u= (ReL% -Iml£\ K / Re P£ -7m P x c 

x \ImLS. Rel£ ' x \ImPS- PeP? 



Proof. Let y be an arbitrary element. We then have 

(L x y)c = L x yc = {ReL x Reyc - ImL x Imyc) + i{ReL x Imyc + ImL x Reyc). 



_ /ReL^Reyc - ImL^Imyc\ _ (ReL^ -ImL%\ ( Reyc\ _ , 



Hence 

J'li l.jhuij - I in L; lit it:} \huL A Il< 7, j \ Jin .//; , 
The proof for the matrix Pf is similar. □ 

Note that Pf=(f^ can be written as i^/ pc) ("/ " We 

then have det P® = | det P x | 2 , and the w-function on the w-domains of Jr is given by 

u(x) = \detP£\. (31) 
From Lemma T5. 61 we also get the following result. 

Corollary 5.7. The linear forms ic,^R given by (| 1 3[) in the Jordan algebras Jc, Jr, respectively, are 
related by %(«) = 2Retc(u). The bilinear symmetric forms gc, <?k given by (|14p m i/ie Jordan algebras 
7c, Jr, respectively, are related by g^(u,v) — 2Regc{u,v). 



Proof. We have 
It follows that 



(u) = ir 7^ = 2ir Pe 7^ = 2Pe tr 7^ = 2Pe i c (u). 



3r(u, u) = t K (u • «) = 2Pe tc(u • u) = 2Pe gc(u, «)• □ 
The matrix of or can then be written as 
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Pe gc -7m o c \ _ / «7 7 \ /g c \ /-z7 7 
-Imgc -Regc) ~ \-I -U J \ <?c/ V 7 



It follows that det <?r = (— 4) n | det gel , an d Jr is semi-simple if and only if Jc is. 

Lemma 5.8. Let c £ C be a nonzero number. Then the ^-bilinear form j(u, v) = 2Re(cgc(u,v)) is a 
non-degenerate trace form on Jr. 

Proof. First note that 7 is symmetric. 

By the C-bilinearity of gc we have 7(1*, v) — 2Re gc(cu,v) = <?r(cm, u), where the second equality 
comes from the preceding corollary. Suppose that there exists a nonzero u such that j(u,v) — for 
all v. Then cu is also nonzero and hence <?r is degenerate, which contradicts the semi-simplicity of Jr. 
Hence 7 is non-degenerate. 

Finally, 

j(u • v,w) — 2Re(cgc(u • v, w)) = 2Re(cgc(u, v • w)) = y(u, v • w), 
where the second equality follows from (fT5|) . Hence 7 is a trace form. □ 
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The 1-form (f25|) for this particular choice of the trace form 7 is given by £(it) = —2Re(cgc(u, x 
at the point x. By ([T8|) we have D M (log det P£) — 2gc(u,x~ 1 ), and hence 

C = -Re (cD (log det F%)) = -D (Re (c • log det F%)) . 

The form £ has therefore a potential given by 

$(a:) = -Re (c • log det if ) . (32) 

Note that since the complex logarithm is multi-valued, this potential can in general only be defined 
locally. 

5.3 Complex Jordan algebras 

In this subsection we provide the classification of all complex simple Jordan algebras J and compute 
their determinant detPjr. Recall that an element x is invertible if and only if det P^r — 0. Hence the 
set of singular elements is a variety of real codimension 2, and the connection component y of the unit 
element in the set of invertible elements is open and dense in J. By Lemma I3.7I J is also central-simple, 
and the invertible central elements z of J have the form ce for some nonzero c £ C If we now consider J 
as an algebra over R, then its bilinear form (fl4|) is a non-degenerate trace form, and by Theorem l3 . 1 2 1 any 
non-degenerate trace form 7 on J must have the form ~/(u, v) = g^(z»u, v) = g«.(cu, v) — 2Re(cgc(u, v)) 
for some nonzero c £ C, where the last equality comes from Corollary 15.71 The 1-form £ defined by 
the pair (J, 7) then locally has a potential of the form (j3"2")l . 

Theorem 5.9. \27\ p. 66-68] Let J be a finite- dimensional simple Jordan algebra over C. Then J is 
exactly one of the following: 

• C, 

• J 'ord m (I), the m- dimensional complex quadratic factor for m > 3, 

• S m (<C), the algebra of complex symmetric m x m matrices for m > 3, 

• M m (C), the algebra of all complex m x m matrices for m > 3, 

• H m (Q,C), the algebra of m x m Hermitian matrices with entries being split quaternions over C 
for m > 3, 

• Hz(0, C), the algebra of 3 x 3 Hermitian matrices with entries being split octonions over C. 

5.3.1 Ground field C 

Since C has a commutative multiplication, it is in particular a Jordan algebra. Its unit element is 1, 
and all nonzero elements are invertible. For x £ C, we have L^. = x, = x 2 . Hence detP^ = x 2 , and 
by d3U) w(x) = \x\ 2 . 

5.3.2 Quadratic factor Jord m (I) 

We shall describe the quadratic factor for a general quadratic form for future reference. Let Q be a 
non-degenerate symmetric bilinear form on C m and e £ C m a distinguished point such that e T Qe = 1. 
Then the quadratic factor Jord m (Q : e) is the vector space C m equipped with the product [571 P-75] 

x • y = e T Qx ■ y + e T Qy ■ x — x T Qy ■ e. 

The operators of multiplication are hence given by L^. = e T Qx ■ I + xe T Q — ex T Q. A straightforward 
computation yields P^r = x T Qx ■ I + Ae T Qx • xe T Q — 2xx T Q — 2x T Qx ■ ee T Q and det P% — (x T Qx) m . 
A point x is invertible if and only if x T Qx ^ 0. 

Note that over C every non-degenerate symmetric bilinear form is equivalent to the identity matrix, 
and we can set Q = I without loss of generality. We then have 

det if = (x T x) m : u(x) = \x T x\ m . 
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5.3.3 Symmetric matrices 5 m (C) 



The Jordan algebra 5 m (C) is the space of complex symmetric m x m matrices equipped with the 
multiplication A • B = AB + BA [22 pp.58-59; pp.66-68]. Then P A B = ABA [22 p.82], and A 
is invertible in the Jordan algebra if and only if it is invertible as a matrix. Let us compute the 
determinant detP?. Assume that the matrix A is diagonalizable, with eigenvalues Ai,...,A m and 
corresponding eigenvectors Vi, . . . , v m . Then the matrices Bij = VivJ + Vjvf , 1 < i < j ' < m, form a 
basis of S m (C). We have 

PaB^ = A(vivJ + Vjvf)A = XiXj(vivJ + Vjvf) = XiXjBij. 

Hence the By are eigenvectors of the operator Pa with eigenvalues XiXj. Therefore we obtain 

detP^ = Yl A, A, = Yl XT +1 = (dct A) m+1 . 

i<j i 

Now note that the set of diagonalizable matrices is open and dense in S m (C). Since detPjf is a 
continuous function of A, the above formula must be valid for all matrices. We then obtain lj(A) = 
\detA\ m+1 . 



5.3.4 Full matrices M m (C) 

The Jordan algebra M m (C) is the space of complex m x m matrices equipped with the multiplication 
A • B — AB + BA [27, pp.58-59]. Again P A B = ABA, and A is invertible in the Jordan algebra if 
and only if it is invertible as a matrix. Assume that the matrix A is diagonalizable, with eigenvalues 
Ai, . . . , X m . Let the corresponding eigenvectors of A be v%, . . . , v m , and those of A T be w%, . . . , w m . 
Then the matrices B^ — ViivJ , 1 < i, j < m, form a basis of M m (C). We have 

P A B i3 = AviwjA = XiXjViwj = XtXjBij. 

As above we obtain 

det Pa = n XiX j = n x ^ m = ( det A ) 2m - 

As above, this is valid for all matrices A. We then obtain ui(A) — | detA| 2m . 



5.3.5 Split quaternion matrices H m (Q,C) 

The split quaternions over C can be represented by complex 2x2 matrices, with conjugation given by 
EH p.66] 

conj( a c § = (i ~ b ). (33) 



-c a 



Hence the space H m (Q,C) of Hermitian matrices with split quaternionic entries can be represented as 
the space of 2m x 2m complex skew-Hamiltonian matrices A T ^j ' wnere ^' ^ are skew-symmetric. 

If we introduce the matrix J = ( ^ T n ) 5 then we can represent the skew-Hamiltonian matrices by 



x -7 Oy 

products JS, where S is a skew-symmetric 2m x 2m matrix [161 Proposition 1]. 

The Jordan algebra H rn (Q, C) can be represented as the space of complex skew-Hamiltonian 2mx2m 
matrices equipped with the multiplication A • B — AB + BA ( c f, J27J p.58]). Substituting A — JS, 
B = JT , Au B = J(SuT), we can view it equivalently as the space A2 m (C) of complex skew-symmetric 
2m x 2m matrices equipped with the multiplication 

SmT= SJT + TJS (34) 

We shall adopt this latter point of view. Then it is straightforward to show that the operator Pg 
acts like T i— > SJTJS. Let us compute its determinant. Introduce the operator J acting on A2 m (C) 
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like T i-> JTJ. It is not hard to see that this operator has two eigenvalues +1,-1 with multiplicities 
m(m — l),m 2 , respectively. Its determinant hence equals (—1)'™ . Suppose that S is diagonalizable. 
Let Ai, . . . , \i m be its eigenvalues and v±, . . . , vi m the corresponding eigenvectors. Then the matrices 
Tij — VivJ — Vjvf, 1 < i < j < 2m, constitute a basis of A2 m (C). We have 

Pf o J : Tij h- > SJ 2 (vivJ - Vjvf)J 2 S = S(vivJ - VjvJ)S = -XiXj(vivf - VjvJ) = -X l X j T l] , 

and is an eigenvector of Pg o J with eigenvalue — XiXj. We then get 

detPf • det J = det (Pg o J) = ]J(- a * a j) = (-l) TO ^ 2m_1 ^ JJ A 2m_1 = (-l) TO ( 2m - 1 )(detS r ) 2m ~ 1 - 

i<j i 

This yields detP!? = (-l) m ( 2m - 1 )- m2 (detS) 2m - 1 = (detS) 2 ™- 1 = (pf S 1 ) 2 ^" 1 " 1 ), where pf 5 is the 
Pfaffian of S. As above, this must hold for all S. We also see that S is invertible in the Jordan algebra 
if and only if it is invertible as a matrix. We then obtain u>(S) = \ pf S , | 2< - 2m ~ 1 - ) . 



5.3.6 Split octonion matrices Hs(0, C) 

The complex split octonions O are an 8-dimensional non-commutative, non-associative algebra over C 
which is generated by three hypercomplex units j, k, I with multiplication table [27, pp. 64-66] 
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jk 
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jk 
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The conjugate of a = ci + c%j + c^k + ajk + C5I + c$jl + crkl + cg(jk)l is given by a = c\ — 
c%j — c^k — Cijk — C5I — c§jl — c-jkl — cg(Jk)l and its norm is the complex number n(a) = aa = 
c\ — c 2 — c 2 + c\ — c 2 + Cg + c 2 — Cg). Here ci, . . . , c% G C are the coefficients of a G O. 

The Jordan algebra H^,{0, C) consists of those 3x3 matrices A — (ay) which satisfy = a^. 
The multiplication is given by A • B = AB + BA . The algebra H 3 (0, C) is 27-dimensional over C and 
54-dimensional over R. It is not hard to check that the complex form (fT3|) on H 3 (0,C) is given by 
tc(A) = 9(dn + a22 + 033) = 9tr A. The linear form tr A is called the generic trace [HI p. 233], and 
gives rise to a symmetric generic trace bilinear form t(A, B) — tr (A» B) [T71 p. 227]. Hence the generic 
trace bilinear form is related to the form (|14l) by 

t(A,B) = ±g c (A,B). (35) 

On H 3 (0, < C) there exists a cubic polynomial similar to the determinant, the generic norm. It is 
explicitly given by OH eq.(50), p.232] 

det ,4 = a n a 2 2a33 ~ an^fe) - a22"(a3i) - 033^12) + C((a 12 a 23 )a 31 ), 

where C(a) — a + a is twice the complex part of a. The generic trace bilinear form and the generic 
norm are related by [T71 eq.(68'), p. 243] 

D v log det A = t{A~ l ,U). 

Comparing this with P^)l and taking into account that det / = det Pf = 1, we obtain by virtue of (f3"5|) 
that detP^ = (det A) 18 . It follows that lo(A) = | det A\ 18 . 
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5.4 Real central-simple Jordan algebras 

In this subsection we provide the classification of the real central-simple Jordan algebras and compute 
the w-functions of their w-domains. The complexification of a real central-simple Jordan algebra is a 
complex simple Jordan algebra [17[ Theorem 9, p. 206] and must hence be isomorphic to one of the 
algebras listed in the previous subsection. As in the theory of Lie algebras, one says that the real 
algebra is a form of the complex one [27} p. 70]. A complex algebra may have several non-isomorphic 
real forms. The invertible central elements of a real central-simple Jordan algebra have the form z — ae 
for some real a ^ 0. As in the previous subsection, it follows by Theorem 13 . 1 2 1 that any non-degenerate 
trace form 7 on J must be given by 7(1*, v) = g(z •u,v) = ctg(u, v). As in Lemma l4.10l it follows that 
the 1-form £ defined by such a trace form has a global potential which is proportional to (j29]) . 

Theorem 5.10. '17, p. 207-212] Let J be a finite- dimensional central- simple Jordan algebra over R. 
Then J is exactly one of the following: 

• R, 

• Jord m (Q]g L ), a real quadratic factor for m > 3, 

• M m (R), the algebra of real m x m matrices for m > 3, 

• M m (H), the algebra of quaternionic m x m matrices for m > 2, 

• S m (M., T), the twisted algebra of real symmetric m x m matrices for m > 3, 

• H m (C, T), the twisted algebra of complex Hermitian m x m matrices for m > 3, 

• H m (M.,T) , the twisted algebra of quaternionic Hermitian m x m matrices for m > 3, 

• H m (Q,M), the algebra of m x m Hermitian matrices with entries being split quaternions over M 
for m > 3, 

• SH m (M), the algebra of m x m skew- Hermitian quaternionic matrices for m > 2, 

• #3(0, 1 1 ), the twisted algebra of octonionic Hermitian 3x3 matrices. 

5.4.1 Ground field R 

The Jordan multiplication in R coincides with the usual multiplication. An element is invertible if and 
only if it is nonzero. Hence the set of invertible elements has two connected components, namely the 
open half-rays. These components are mutually isomorphic. The complexification of R is C. We have 
L x = x, P x = x 2 , and hence u>{x) = \x\. 

5.4.2 Quadratic factor Jord m {Q-g) 

The real quadratic factors are forms of the complex quadratic factor. They are defined in the same 
way as the complex quadratic factor, with the difference that Q is a symmetric non-degenerate form 
on R m . Since Q must evaluate to 1 on the unit element, it cannot be negative definite. All other 
signatures can occur and yield non-isomorphic Jordan algebras. Analogous to the complex case, we 
obtain det P x — (x T Qx) m , and a point x is invertible if and only if x T Qx ^ 0. The w-function is given 
by u{x) = \x T Qx\ m ' 2 . 

5.4.3 Full real matrices M ro (R) 

The Jordan algebra M m (R) is the space of real m x m matrices equipped with the multiplication 
A* B = AB + BA [271 p. 58]. Its complexification is M m (C). As in the complex case, PaB = ABA, and 
A is invertible in the Jordan algebra if and only if it is invertible as a matrix. Hence the set of invertible 
elements has two connection components, with positive and negative determinant, respectively. These 
components are mutually isomorphic. 
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Assume that the matrix A is diagonalizable, with real eigenvalues Ai, . . . , A m . By the same reasoning 
as in the complex case, we obtain det Pa = (dct A) 2m . Since the set of diagonalizable matrices with 
real eigenvalues is open and det Pa is polynomial in A, this formula is valid for all matrices A. We 
then obtain ui(A) = | det A\ m . 



5.4.4 Full quaternionic matrices M m (H) 

The Jordan algebra M m (H) is the space of quaternionic m x m matrices. A quaternion can be repre- 
sented as a complex 2x2 matrix 

' Z - W ), (36) 
—to z J ^ ' 

hence M m (H) can be represented as the subspace of complex 2m x 2m matrices of the form 

s =(-w Vj- W 

The Jordan multiplication on this space is given by S • T = ST + TS [27l p. 58]. The complexification of 
the algebra is isomorphic to M 2m (C). Again we have P<?T = STS, and S is invertible in the Jordan 
algebra if and only if it is invertible as a matrix. 

Note that if S has an eigenvector u = (^^j with eigenvalue A, then u = ^ is an eigenvector 

with eigenvalue A. Hence det S is real and non-negative. Moreover, since S T has the same form 
as S, this relation holds also for S T . Assume that the matrix S is diagonalizable, with eigenvalues 
Ai, . . . , A m , Ax, ... , A m . Let the corresponding eigenvectors of S be ttx, . . . , u m , u%,..., u m and those 
of S T be yx, ...,y m ,yi,.. -,y m - Then the matrices T 1M = u k yf + u k yf , T 2 ,kl = i( u kyf - u k yf), 
T 3 ,m = u k yf - u k yf, T 4M = i{u k yj + u k yf), k,l = 1, . . . ,m, constitute a basis of M m (H) over R. 
Note that Tx ik i ± iT 2 . k i are eigenvectors of the operator Pg with eigenvalues AfcA;, AfcA;, respectively, 
and Ts^i ± iT^ k i are eigenvectors with eigenvalues A^A/, A^A/, respectively. Thus we obtain 

m mm 

detP 5 = I] (AfcA,)(AfcA,)(A fc A,)(A*A,) = J[ |A,| 4 |A ; | 4 = JJ |A fe | 8m = (det S) im . 

k,l=l fe,i=X k=l 

As above, this formula must be valid for all matrices S. We then obtain ui(S) = (det iS*) 2 ™. 



5.4.5 Twisted real symmetric matrices 5 m (M, T) 

The algebra S m (R) of real symmetric mxm matrices with multiplication A»B — AB + BA is a formally 
real Jordan algebra. Its complexification is the algebra of complex symmetric mxm matrices S m (C). 
The twisted algebras 5 m (R, T) are forms of 5 m (C) which are not necessarily isomorphic, but isotopic 
to 5 m (R). Here T is a diagonal matrix with diagonal elements ±1, and 5 m (M, T) is defined as the 
T-isotope of 5 m (R, r) [27l pp. 72-73]. Thus the real vector space underlying 5 m (R, T) is the same as 
for 5 m (R), but the Jordan product is defined differently. Since 5 m (R, T) is isomorphic to 5 m (R, — r), 
one can assume that T has not less positive elements than negative elements on the diagonal. 

Let us first compute det Pa for the algebra 5 m (R). As above, PaB — ABA, and as for 5 m (C) 
we obtain detP4 = (detA) m+1 . It follows that detPp = ±1, depending on m and the signature of 
r. By virtue of (|20|) we then obtain that in 5 m (R, L) the determinant of the operator Pa is given by 
±(det A) m+1 . Thus A is invertible in 5 m (R, L) if and only if it is invertible as a matrix. The connected 
component of the unit element L in the set of invertible elements is then the set of matrices which have 
the same signature as L, and the w-function is given by U){A) — | det A|^ m+1 ^ 2 . 



5.4.6 Twisted complex Hermitian matrices H m (C, L) 

The case of H m (C, T) is similar to that of 5 m (R, L). The algebras H m (C, L) are real forms of the algebra 
M m (C) of full complex mxm matrices, and they are isotopic to the formally real algebra H m (C) of 
complex Hermitian mxm matrices with Jordan product A • B — AB + BA . It vi,. . . , v m G C m 
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are eigenvectors of A with eigenvalues Ai, . . . , A m G K, then Bij = ViV* + VjV* is an eigenvector of 
Pa '■ B i — ^ ABA in H m (C) with eigenvalue AiAj. Since the matrices By, z, j = 1, . . . ,m, constitute a 
basis of H m (C) over K, we get 

m m 

det Pa = J[ XiXj = J[X 2rn = (det A) 2m . 

i.j — l i—1 

It follows that det Pr = 1- Repeating the above reasoning, we then get det Pa = (det A) 2m in H m (C, T), 
and oj(A) = | det A\ m . 

5.4.7 Twisted complex quaternionic matrices H m (M,r) 

The case of H m (M,T) is similar to that of H m (C,r). The algebras H m (M,T) are real forms of the 
algebra H m (Q,C) of Hermitian complex split quaternionic m X m matrices, and they are isotopic 
to the formally real algebra H m (M) of quaternionic Hermitian m x m matrices with Jordan product 
A • B = AB + BA , if we represent the quaternions by 2 x 2 complex matrices as in (|36|) , then H m (H) 
will be represented by complex Hermitian 2m x 2m matrices S of the form (|37j) . 

Let us compute det Ps for the algebra H m (M). As in the case of M m (H), let «i, . . . , u m , u\, . ■ ■ , u m £ 
C 2m be eigenvectors of S with eigenvalues Ai, . . . , A m , Ai, . . . , X m . Note that the eigenvalues are real, 
because the matrix S is Hermitian. Then the matrices Tk = UkU* k + UkU* k , k = l,...,m, T^jy = 
u k Ui + u k Ui + uiu* k + uiu* k , T 2 m = i{uku1 - UkUi - uiu* k + uiu k ), T 3 , k i = u k u\ - u k y*[ + uiu* k - uiu* k , 
Pa,u = i(u k u1 + u k yi — uiu k — uiu k ), 1 < k < I < m, constitute a basis of £Z~(H). The matrices 
Tk, Tj,ki are eigenvectors of Ps : T h-> STS with eigenvalues A|, A^A;, respectively, for j — 1, 2, 3, 4. It 
follows that 

(m \ / \ m 

n a ' n x ^ = n A ' +4(m_1) - ( det s ) 2m_l - 
k=l / \ k <i / fc=i 

Since det 5 > 0, we have det Pr = 1 and hence as above det Pg = (det 5) 2m_1 also in H m (C, T). Thus 
oj(S) = (detS*)™- 1 / 2 . 

5.4.8 Split quaternionic matrices H m (Q,M) 

Similar to the case H m (Q,C) we represent the split quaternions over M by real 2x2 matrices 
with conjugation and the algebra H m (Q,M.) by the algebra A2 m (K) of real skew-symmetric 

2m x 2m matrices with multiplication Then the operator Pg acts like T i-> SJTJS. In- 

troduce again the operator J with determinant (— l) m acting on A2 m (M) like T H> JTJ. Let 
«i, . . . , u m , Ui,..., v m be the eigenvectors of an invertible skew-symmetric matrix S with eigenvalues 
iAi, . . . , iX m , —iXi, . . . , — iX m , respectively, where Afc € M. Then the matrices T k = i(v k v k — v k v k ), 
k = 1, . . . ,m, Ti iH = Wfeuf - w/u^ + v k vf - T 2 ,fcz = »(wfc^ T - - «fc^ T + ^^), T 3 ,fcz = 

ffe^/ T — viv k + v k vf — viv k , TiM = i(vkvf — viv k — v k vf + viV k ), 1 < k < I < m, constitute a basis of 
^2m(R)- Moreover, the matrices T k ,Ti jk i,T2 jk i,T 3jk i,T4,ki are eigenvectors of Ps ° J : T H- 5T5 with 
eigenvalues — A|, AfeA/, AfeA/, — AfeA/, — AfeA;, respectively. Hence 

m m 

detP s • det J = det(Ps o J) = \\[-X\) ■ \\iX\X\) = JJ A^" 15 = (-l) m (det Sf m -\ 

k=l k<l k=l 

It follows that detP s = (-l)™-™ 2 (det S") 2 "^ 1 = (pf S) 2{2m - 1} and w(5) = | pf S\ 2m '\ 

5.4.9 Skew-Hermitian quaternionic matrices SH m (M) 

Let Q be a non-degenerate skcw-Hcrmitian quaternionic m x m matrix. Then the multiplication 
A • B = A Q B + B Q A on the space of skew-Hermitian quaternionic matrices defines a Jordan algebra 
with unit element Q^ 1 . This algebra is a real form of the algebra 5 , 2 m (C) of complex symmetric 
2m x 2m matrices. The isomorphism class of the algebra does not depend on the choice of Q (cf. [TTJ 
Ex.5, p. 211]). We shall choose Q = il. If we represent the quaternions by complex 2x2 matrices (J3SJ), 
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then the elements of SH m (M) can be represented by complex skew-Hcrmitian 2m x 2m matrices S of 
the form ([37jl . If we define the matrix A — diag(iJ, —il), then the multiplication in SH m (M) is given 
by S • T = sat+tas _ It f ollows that the operator P s acts like T h> SAT AS. 

Introduce the operator A : T n- ATA. It is not hard to see that det A = (—1)"' . The composition 
P s o A acts like T h-> SA 2 TA 2 S = STS. As in the case of M m (H) , let in, . . . , u m , ui, . . . , u m e C 2m 
be eigenvectors of S with eigenvalues zAi, . . . , i\ m , — iAi, . . . , — iA TO , where At 6l because 5 is skew- 
Hcrmitian. Then the matrices Pi^ = i{ukU* k —uuu* k ), B 2 ^ k = WfcWfc — UkU* k , B^ k — i(v,f.Uf, +UkUf,), k = 
l,...,m, Bi,fci = +u k u* t ~uiu* k ~uiu* kl B 2M = i{u k u* -u h u* +uiu* k -uiu* k ), B 5M = u k u* -u k u*[ - 
uiu* k -\-uiu* k , B^ k i = i{u k ul +UkVi + M i^fc +""z u fc); 1 < fc < ^ < to, constitute a basis of 5/f m (H). These 
matrices are eigenvectors of PgoA with eigenvalues — A^, A 2 , A^, — AfcA;, —XkAi, A^A/, AfeA/, respectively. 
It follows that 

tci m 

detPs • det A = det(Ps o A) = JJ(-AS) • U(\i\f) = (-l) m [] A 6 ^" 1 "^ = (-l) m (dct 5) 2m+1 . 

fc=l k<l k=l 

Hence detP s = (-l)™"™ 2 (det S') 2m+1 = (detS') 2m + 1 and u(S) = (det S) m+1 / 2 . 



5.4.10 Twisted octonionic Hermitian matrices Hs(0,T) 

The case of Hs(G), T) is similar to that of the other twisted Hermitian matrix algebras. There are two 
non-isomorphic algebras #3(0,!?), for T = I and for T = diag(l, 1, — 1). For T = I we obtain the 
formally real algebra P^O) of 3 x 3 octonionic Hermitian matrices with the usual Jordan product 
A* B — AB + BA , Both algebras PT3(0,r) are real forms of the split octonion algebra Ha(0, C), and 
are mutually isotopic. 

By the same arguments as in the case of H%{0, C) we get det Pa = (det A) 18 , where 

det A = 011022033 - a 11 n(a 2 s) - 022^(031) - a^n(a 12 ) + 2Re((ai 2 a 2 3)a 3 i). 

Here n(a) — aa — |a| 2 . It follows that uj(A) — \ det A\ 9 . 



5.5 Final classification 

In this subsection we provide a complete classification of proper affine hyperspheres in R™ with parallel 
cubic form. Actually, we classify all centro-affine hypersurface immersions with parallel cubic form 
which are associated to a semi-simple Jordan algebra J. By Lemma 15.21 the 1-form £ defining such 
an immersion locally has a potential which can be represented as a sum of potentials $ defined on 
the individual simple factors of J. In the last two subsections we computed these potentials $ for all 
simple real Jordan algebras. Note that we are not really interested in the Jordan algebra J, but only 
in the underlying vector space and in the functions $ and lo on it. 

Let us provide these data in the form of a table. In the first column we list the vector space, and 
in the second column its dimension. Here M m , S m , A m , H mi SH m stands for full, symmetric, skew- 
symmetric, Hermitian and skew-Hermitian matrices of size m x m, respectively. Most of the classes of 
real simple Jordan algebras constitute infinite series parameterized by an integer. We give the range of 
this parameter in the third column. In the fourth column we give an expression for the local potential 
$, parameterized by a nonzero complex number c for complex Jordan algebras, and by a nonzero real 
number a for real central-simple algebras. In the last two columns we provide the w-function of the 
corresponding oj-domains and a description of the affine hyperspheres associated with these domains. 
The constants in the last column are assumed to be nonzero. Note that in the case of a matrix space 
over the quaternions H, the matrix S is the complex representation (|37|) of the quaternionic matrix 
and has twice the size. In the row corresponding to the vector space R m , Q denotes a non-degenerate 
quadratic form on R m . 
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vector space 


real dimension 


range 


$ 




affine sphere 


C 


2 




Re[c log 


\x\ 2 


\x\ — const 


c m 


2m 


TO > 3 


Re(c log x) 


|z' r a;| m 


\x 1 x\ — const 


S m (C) 


to(to + 1) 


TO > 3 


i?e (clog det A) 


| det 


| det A\ = const 


M m (C) 


2m 2 


TO > 3 


i?e(clog det A) 


detA| 2m 


| det A\ = const 


A 2m (C) 


2m(2m - 1) 


TO > 3 


i?e(c log pf A) 


| pf A f(2m-1) 


| pf A = const 


H 3 {0,C) 
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Re(c\og detA) 


|detA| is 


| det A\ = const 


R 


1 




a log \x\ 


\x\ 


point 


R m 


to 


TO > 3 


a log |a; T (3a;| 


\x r Qx\ m l 2 


quadric 


M m (R) 


to 2 


TO > 3 


a log det A\ 


| det A| m 


det A — const 


M m (H) 


Am 2 


TO > 2 


a log det S 


(det S) 2m 


det S — const 


o ri , ( JhS ) 


m(m+l) 
2 


TO > 3 


a log det A 


|dctA|( m+1 )/ 2 


det A = const 


H m (C) 


TO 2 


TO > 3 


a log det A 


|dctA| m 


det A = const 


H m {B) 


to(2to — 1) 


TO > 3 


a log det S 


(det S) m - 1/2 


det S — const 


A 2m (R) 


m(2m — 1) 


TO > 3 


a log pf A\ 


pf A\' 2m - 1 


pf A — const 


SH m (U) 


to(2to + 1) 


TO > 2 


a log det 5 


(det 5) m+1 / 2 


det S — const 


H 3 (0) 
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a log det A| 


detA|' J 


det A = const 



Theorem 5.11. Let M C M ra be a connected non- degenerate centro-affine hypersurface with parallel 
cubic form, such that the real unital Jordan algebra defined by M as in Theorem \4-l\ is semi-simple. 

Then R" can be decomposed into a direct product of vector spaces V\,... ,V r , where each of the 
Vk is a space indicated in the first column of the above table. There locally exists a scalar function 

$ = Y?k=i on Rn such that M 

can be described as a level surface of $, $ is logarithmically 
homogeneous with parameter v = 1, and each of the $fe is locally defined on Vk and has the form 
indicated in the fourth column of the table for some nonzero c £ C or a £ R, respectively. 

On the other hand, the level surfaces of any such sum $ = X)I-=i are centro-affine hypersurfaces 
with parallel cubic form, provided the logarithmic homogeneity constant of $ is nonzero. 

Proof. The first part follows from Theorem 14.131 Lemma 15 .21 and the completeness of the above 
classification of real simple Jordan algebras. The second part of the theorem follows from Lemma 
El □ 



Theorem 5.12. Let M C R" be a proper affine hyper sphere with parallel cubic form and with center 
in the origin. Then R™ can be decomposed into a direct product of vector spaces V±, . . . , V r , where each 
of the Vk is a space indicated in the first column of the above table, and M is a Calabi product of proper 
affine hyperspheres Mk C Vk which have the form indicated in the last column of the above table. 

On the other hand, all affine hyperspheres listed in the last column of the table have parallel cubic 
form. 

Proof. The first part follows from Theorem I4.14[ Lemma I5.4[ and the completeness of the above 
classification. The second part follows from Theorem 14. Ill □ 



5.6 Examples 

In this subsection we give some concrete examples of centro-affine hypersurface immersions with parallel 
cubic form. 

Consider the hypersurfaces defined by the Jordan algebra C and the complex number c — 1 + i/3, 
(3 ^ 0. These hypersurfaces are locally given by the relation i?e(clogx) = const. Let x — rexp(jy>). 
Then we obtain the relation i?e((l + i/3)(logr + i(p)) = logr — /3(p = const. It follows that the 
hypersurfaces are logarithmic spirals. Since the origin is contained in the closure of such a spiral, it is 
affine complete, but not Euclidean complete. 

Consider the hypersurfaces defined by the product C x R and the non-zero numbers c = z/3, a. 
Let (z = r exp(zt^), x) be the coordinates in C x R. Then the hypersurfaces are given by Re(c log z) + 
alog|x| = — f3ip + a log \x\ = const. In Cartesian coordinates xi,X2,X3 these surfaces are locally 
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given by x% — const ■ exp(^ arctan^-). Although the Jordan algebra defined by these hypersurfaces 
is decomposable, the surfaces themselves cannot be decomposed into a product of lower-dimensional 
centro-affine hypersurfaces with parallel cubic form. 

Consider the hypersurfaces defined by the product C x C and the non-zero numbers Ck = at, + ibk, 
k = 1,2, where a\ + a 2 ^ 0. Let (z\ = r% exp(-ji^i), z 2 = r 2 exp(i<£>2)) be the coordinates in C x C. Then 
the hypersurfaces are locally given by Re{c\ log zi+c 2 log Z2) = ai logri+a2 logr2 — bicpi — b 2 ip 2 = const. 
For pi,p2 > 0, consider the torus T pltP2 C C x C given by the equations = pk, k — 1,2. The 
intersection of each of the hypersurfaces with T pltP2 is given by b\ifi + b 2 ip 2 = const. If now 61, 62 have 
an irrational ratio, then each of the hypersurfaces has an intersection with T P1P2 which is dense in 
T P1 tP2 . In this case the hypersurface itself is dense in C x C and cannot be an embedded submanifold. 



5.6.1 Algebras which are not semi-simple 

In this subsection we give a counter-example to the claim in |20( item (v), pp. 71-72] and describe a 
family of real unital Jordan algebras with non-degenerate trace form which are not semi-simple. 

Consider the n-dimensional vector space J of real univariate polynomials p(t) of degree not greater 
than Ti—l. On this space we can define a commutative, associative multiplication • by setting p • g = 
(p ■ q) mod t n . This multiplication turns J into a real Jordan algebra with unit element e given by 
e(t) = 1. The inverse p _1 of a polynomial p £ J is given by the truncation of the Taylor series of the 
inverse around t — and exists if and only if p(0) / 0. From [^Hl Theorem III. 6, p. 60] it follows 
that the algebra J is not semi-simple, since every polynomial p £ J satisfying p(0) — is nilpotent and 
the subspace of these polynomials is an ideal. 

Consider the symmetric bilinear form 7 on J given by ~/{p,q) = — (p» q)(l). Since J is associative, 
we have (p • q) • r = p*{q*r) and hence also 7(p • q, r) — j(p,q* r) for all p,q,r £ J. Hence 7 is a trace 
form. Let p = X)fc=o Pkt £ ^ be a polynomial such that 7(p, q) = for all q £ J. Inserting q — t k for 
k = n — 1, n — 2, . . . , 0, we obtain pi — for I = 0, 1, . . . , n — 1, and p = 0. Hence 7 is non-degenerate. 

Let C be the form (|25[) defined by 7. At an invertible polynomial p € J we have £(w) = —7(1*, p -1 ) = 
(w»p" 1 )(l). For invertible p £ J, define the polynomial logp £ J by the truncation of the Taylor series 
of log \p(t)\ around t = 0. This Taylor series is given by 

1 I , * 1 4-2 , 1 1 1 , Pi + , ( 1 Pi , \ ,2 . / 1 Pi P1P2 . P3 \ ,3 

log \po + Pit + p 2 t z + = log|j? | + i — r <+ ~oH>+i — iF+urk t + \ — r * 



bo I V 2 Po \Po\J \3 |po| 3 pI bo I 

lPl , P1P2 PlP3 Ipj , P4 



4p 4 | po |3 p 2 2p 2 m 



i 4 + . . . (38) 



Since the derivations of log \p(t) | with respect to t and with respect to the coefficients pk of p are 
interchangeable, we have that D u ((logp)(t)) = (u • p~ 1 )(i) for all t. In particular, for t — 1 we obtain 
D u ((logp)(l)) = (u»p _1 )(l) = ((u). Thus F(p) = (logp)(l) is a potential of the form Q, and the 
maximal integral manifolds of the kernel A of £ are given by the relation (logp)(l) = const. 

The integral hypersurface through e is then given by (logp)(l) = 0. From (|38[) we obtain the 
following explicit expressions of this hypersurface for n — 2, 3, 4, 5: 



Pi = -Pologpo, 

P2 = -po\ogpo-pi 



I Pi lp? . P1P2 



P3 = ~P0 log Po - Pi + ~ P2 



2 Po 3 po 

, . I Pi 1?? P1P2 . lpf P 2 iP2 , P1P3 . lp| 

P4 = -pologpo -PI + ~ P2-»— H + 2~ H h o _ ■ 

2p 3pg po 4pg pg po 2p 

The same construction can be carried out with spaces of multivariate polynomials, yielding a 
plethora of examples of centro-affine hypersurfaces with parallel cubic form which are associated to a 
Jordan algebra which is not semi-simple. 
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6 Other classes of immersions 



In this section we show that our algebraic method is applicable also to other notions of affine hy- 
persurface immersions with parallel cubic form or parallel difference tensor. We do not attempt a 
classification for these cases. We indicate, however, which classes of algebras arise from the different 
classes of hypersurface immersions with parallel cubic form. We consider the cases mentioned in the 
introduction and several other cases. Since improper affine hyperspheres arise in all of the cases men- 
tioned in the introduction, we shall first consider graph immersions and improper affine hyperspheres 
in general. 

6.1 Improper affine hyperspheres 

By [29l p. 47] an improper affine hypersphere M C R n+1 can be represented as a graph immersion 
with graph function F : W l — > R satisfying detF" = ±1. Then the Christoffel symbols of the affine 
connection V on M vanish and the affine metric h is given by the Hessian metric F". The Christoffel 
symbols of the Levi-Civita connection V of h are then given by ([7]) and the difference tensor K = V — V 
by (ITU)) . At y £ M the tensor K defines a commutative multiplication • on T y M by u • v — K(u, v). 
Equipped with this multiplication, T y M becomes a commutative real algebra A. Moreover, by the 
symmetry of the third derivative F'" the symmetric bilinear form 7 defined by the Hessian F" on 
T y M satisfies condition (p~9|) and is hence a non-degenerate trace form. While this holds for general 
non-degenerate graph immersions, the property of being an affine hypersphere imposes additional 
conditions. Vanishing of the trace of K implies that the operator L u of multiplication with the element 
u has zero trace for all u G A. In particular, A cannot have a unit element. 
We shall now consider different cases in more detail. 

6.1.1 Blaschke immersions with VC = 

Consider non-degenerate Blaschke immersions whose cubic form is parallel with respect to the affine 
connection. In this case the immersion is either a quadric or a graph immersion with a cubic polynomial 
as graph function 3L. We shall consider the latter case. Differentiating the relation detF" = const 
twice at y G M and using that the fourth derivatives of F vanish identically, we obtain the condition 
tr (L U L V ) — for all u, v G A [JJ Theorem 2, 4)]. This condition is equivalent to the condition tr l? u = 
for all u £ A, from which it can be obtained by polarization. In general, the fc-th derivative of the 
relation det F" = const is equivalent to the condition tr — for all u £ A. Thus, under the 
assumption that F is a cubic polynomial, the relation det F" = const is equivalent to the condition 
that L u is nilpotent for all u £ A. In particular, A is a nilalgebra, i.e., it consists of nilpotent elements. 

On the other hand, every commutative algebra A with non-degenerate trace form 7 having deter- 
minant ±1 and such that L u is nilpotent for all u £ A defines an improper affine hypersphere satisfying 
VC = by the graph of the function F(x) — 57(2;, x) — ^j(x,x 2 ). 

6.1.2 Blaschke immersions with VK = 

Let us consider non-degenerate Blaschke immersions whose difference tensor is parallel with respect to 
the affine connection V. These immersions are also either quadrics or improper affine hyperspheres. 
In the latter case the graph function is given by a polynomial, the affine metric is flat, there exists an 
integer m such that — for all X, and [Kx, Ky] = for all vector fields X, Y [5]. These conditions 
mean that the operator L u in the algebra A is nilpotent for all u G A and that L u , L v commute for all 
u, v G A. We then have 

x • (y • z) = x • [z • y) = z • {x • y) = (x • y) • z, 

where the first and the last equality follow from commutativity, and the second one because [L x , L z ] = 0. 
Hence A is associative. But then A is nilpotent, i.e., there exists an integer m! such that the product 
of m! arbitrary elements is zero. 

On the other hand, every commutative, associative, nilpotent algebra A with non-degenerate trace 
form 7 having determinant ±1 defines an improper affine hypersphere satisfying Vif — by the graph 

of the function F(x) = X)fc2 ^~^k\ — xk ~ 1 )- Note that the sum is finite because x is nilpotent. 
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6.1.3 Improper hyperspheres with VC = 

We now consider non-degenerate Blaschke immersions whose cubic form is parallel with respect to 
the Levi-Civita connection V of the afhne metric. In [1] it was shown that such an immersion is 
an afhnc hypersphere. This hypersphere is either proper or improper. Since every proper afhnc 
hypersphere with center in the origin has affine metric proportional to the centro-affine metric, the 
proper hyperspheres satisfying VC = are covered by Theorem 15.121 Let us consider the case of 
improper affine hyperspheres. 

Note that the cubic form C is given by the third derivative F'" and the affine metric by the second 
derivative F" . Then <j8j) implies that the condition VC = is equivalent to ©. The integrability 
condition of this PDE again leads to (f2~Tj) , and the algebra A satisfies the Jordan identity in Definition 
13.11 Hence A is a Jordan algebra. Now, however, the form (fT3| vanishes identically, and thus also the 
bilinear form (fT^) vanishes identically. From Section III. 2] it follows that A is a nilalgebra, and 
hence nilpotent [T71 pp. 195-196]. 

In a subsequent publication we will show that the converse is also true. Every nilpotent Jordan 
algebra with non-degenerate trace form 7 having determinant ±1 defines an improper affine hypersphere 

satisfying VC = by the graph of the function F(x) = Y^k=2 ^~T~7( X > xk ~ 1 )- Again the sum is finite 
because x is nilpotent. 

6.2 Centro-affine immersions 

We shall now consider several additional cases of centro-affine immersions. As in the main part of 
the paper, we define the algebra A by the difference tensor (fTX)|). By ([22]) the position vector e is the 
unit element of the algebra A. Moreover, the symmetric bilinear form 7 defined by the Hessian F" 
satisfies (1231) and is hence a non-degenerate trace form. By the fifth relation in Lemma 12.11 we also 
have 7(e, e) = — 1. 

6.2.1 Centro-affine immersions with VC = 

Consider centro-affine immersions whose cubic form is parallel with respect to the affine connection V. 
A somewhat tedious calculus shows that the condition VC = is equivalent to the quasi-linear PDE 

F,ijkl + 3(F t ijiF t k + FjkiFj + FjkiF.i + FjjkFj) + 2(F t ijF i f~i + F^Fji + Fj^F^i) 

+ kfmF^f^ + / + /•>//;,/•;, + + i-.j-j-j + f^f^f^) + 21 /.,/•; >.;./,. = 0. 

Differentiating with respect to x m , replacing the appearing fourth derivatives, and anti-commutating 
the indices l,m yields 

— (FjkmFjFj + FjkmFjFj + F t ij m F t kF t i) + 2(FjkF,i m F t i + F^kF^F^ + FjjF^kmFj) 
+ (F.ijiF.km + FjkiFjm + FjklF,i m ) = —(FjkiF^F^ + F ti kiFjF, m + F^jiF^F^) 
+ 2(F,jkFjiF >m + F^kFjiF : , n + F^jF^iF : , n ) + (F^j m F^i + F^kmFji + FjkmF t u). 

Raising the indices I, m with the pseudo-metric F" and contracting k with a vector u yields 

K™ k F^e l u l v?u k + F tjk u 1 u k u m e l + K\ } u l v?u m = K] k F ^e m u l v? u k + F tjk u 1 u k u l e m + /\ ,';>',/••',/. 

With v = u 2 and by virtue of the second relation in Lemma 12.11 this can be written as 

- 7 («, e)eV m + 7 («, u)e l u m + v l u m = - 7 (u, e)v l e m + 7 (u, u)u l e m + u l v m . (39) 

It follows that the vectors e, it, u 2 cannot be linearly independent. If u is a multiple of the unit element 
e, then u 2 is too. Hence in any case u 2 is a linear combination of u and e. It follows that L u 2 is 
a linear combination of L u and the identity matrix. In particular, it commutes with L u and A is a 
Jordan algebra. Linear dependence of e,u,u 2 implies that A is of degree 2 and hence a quadratic 
factor. Using that j(u, u) = 7(1;, e) it is not hard to see that this is actually sufficient for (f39|) to hold. 
In order for a quadratic factor to have a non-degenerate trace form it must either be of dimension 2, 
or non-degenerate and hence central-simple. In the second case the trace form 7 is proportional to the 
form (HU). 
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6.2.2 Centro-affine immersions with Vif = 

Consider ccntro-affinc immersions whose difference tensor is parallel with respect to the affine connec- 
tion V. It is not hard to prove that this condition is equivalent to the relation ViCijk = Cij r h rs Cki s , 
where h is the affine metric and C the cubic form. A lengthy calculus shows that this is equivalent to 
the quasi-linear PDE 

F.ijki — F y ij r F' rs F^is + 2(F t ikF t jt + F t jkF t u — F^F^i) + F^jiF^ + F^mFj (40) 
+ FjuFj + F >ijk F tl + A(F t uF t jF >k + l-jl-J-j, + Fj.F.Fj + F^FjFj) + 8F ti F d F tk F,i = 0. 

Anti-symmetrizing with respect to the indices i, k yields 

F : jkrF' rs Fjis — F^j r F' rs F t ku +4:(F i jhF i ii — F : ijF i ki+F i uF i jF i k+FjkF : iF i i—F i kiFjF j i—F^jF i kF i i) = 0. 

Raising the index j with the pseudo-metric F" leads to 

K{ r K r a - K\ r K r kl + S* k F til - 5{F M - F til e j F k + &IF,Fj + F M e j F A - <v' /•.;./•./ = 0. 

Denote the 1-form defined by the first derivative F 1 on A by p. Contracting with vectors u l ,v k ,w l 
gives 

[L v , L u ]w + (<y(u, w) + p{u)p(w))v - (j(v, w) + p(v)p(w))u + (j(v, w)p(u) - j(u, w)p(v))e = 0. (41) 
Symmetrizing the PDE (j40]) leads to 

1 2 

F,ijki — -^(F y ij r F' rs F^is + F : ik r F ,rs Fji s + F.u r F ,rs Fjks) + -^(F,ikF d i + F^kF^u + FjjF^i) 

g 

+ F :i jiF^ + F :i kiFj + FjklFj + F^ijkFj + - (F^uFjF^ + FjiF^F,k + FjkFsF^ + F^F^F^ 
+ I' ,j /'.;. /•'; + FkiF^Fj) + SFjFjF^Fj = 0. 

Differentiating this with respect to x m , anti-symmetrizing the indices l,m, raising the index m by 
means of the pseudo-metric F", contracting the indices k with a vector u, and the index I with a 
vector v gives after a lengthy calculation 

8[L U , L u 2]v + (p(u)p(v) + 7(u, v))u 2 + (7(1*, u)p(v) - 7(1;, u 2 ))u + (7(1*, u)j(u, v) + j(u 2 , v)p(u))e = 0. 

Expressing the commutator by (|41l) and using that p(u 2 ) — — j(u, u) gives 

(j{u, v) + p(u)p{y))u 2 + (y(u, u)p{v) - 7(u 2 , v))u + ("f(u, u)j(u, v) + 7(w 2 , v)p{u))e = 0. (42) 

Now by the first item in Lemma 12.31 we have j(u, v) + p(u)p(v) — for all v if and only if u is 
proportional to e, and hence u 2 is again a linear combination of the unit element e and the vector u. 
As above, it follows that A is a quadratic factor, and either 2-dimensional or non-degenerate. As in 
the previous case, one can show that this is sufficient for (|4Tj) . (|42 |) to hold. 
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